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In this work, we study the kth local base, which is a generalization of the base, of
a primitive non-powerful nearly reducible sign pattern of order n > 7. We obtain
the sharp bound together with a complete characterization of the equality case, of
the kth local bases for primitive non-powerful nearly reducible sign patterns. We
also show that there exist “gaps” in the kth local base set of primitive non-
powerful nearly reducible sign patterns.
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1. Introduction

A sign pattern (matrix) A is a matrix whose entries are from the set {1, —1,0}. In the
computations of the powers of a square sign pattern, an ambiguous sign may arise when
a positive sign is added to a negative sign. So a new symbol # was introduced in [4] to
denote such an ambiguous sign. Following [4], we call a matrix with entries from the set
'={0,1, —1,#} a generalized sign pattern (matrix). Addition and multiplication involving
the symbol # are defined as follows:

(-D+1=14+(-1)=# a+#=#+a=+#forallael),
0-#=#-0=0; b-#=4# b=4#(forallbe'\{0}).

For a sign pattern A, we use |4| to denote the (0, 1)-matrix obtained from A by replacing
each nonzero entry by 1. Clearly | 4] completely determines the zero pattern of 4. A square
nonnegative matrix A4 is primitive if some power 4> 0 (that is, A* is entrywise positive).
The least such k is called the primitive exponent of A, denoted by exp(A4). A square sign
pattern A is called primitive if | 4| is primitive, and in this case we define exp(4) =exp(|A4]).
A square sign pattern A is called powerful if each power of 4 contains no # entry.

*Corresponding author. Tel.: +86-351-3923783. Fax: +86-351-3922307. Email: ybgao@nuc.edu.cn

ISSN 0308-1087 print/ISSN 1563-5139 online
© 2009 Taylor & Francis

DOI: 10.1080/03081080701763433
http://www.informaworld.com



206 Y. Gao et al.

Definition 1.1[6,9] Let A be a sign pattern of order n and A, 4%, A°,...be the sequence of
powers of A. Since there are only 4" different generalized sign patterns of order n, there
exist repetitions in the above sequence. Let / be the least positive integer satisfying
A'= A""7 for some positive integer p. Then /is called the generalized base (or simply base)
of A4, denoted by /(A4).

It was shown in [9] that if a square sign pattern A4 is primitive nonpowerful, then /(A4) is
the least positive integer such that each entry of 4" is #

Definition 1.2 Let A be a primitive nonpowerful sign pattern of order n and 1 <k <n.
The kth local base of A, denoted by [/ ,(k), is defined to be the least positive integer / such
that A" has at least k rows each of whose entries is #.

It is well-known that the graph theoretical methods are often useful in the study of the
power of square matrices, so we now introduce some graph theoretical concepts.

Let D be a digraph (permits loops but no multiple arcs). A walk W in a digraph is
a sequence of arcs, e, es, ..., e, such that the terminal vertex of ¢; is the initial vertex of
e;.1fori=1,..., k—1. The number k of arcs is called the length of the walk W, denoted
by [(W). The digraph D is called primitive if there is a positive integer k such that for all
ordered pairs of vertices x and y (not necessarily distinct) in D, there exists a walk of length
k from x to y. The least such k is called the primitive exponent of D, denoted by exp(D).
As we know, a digraph D is primitive if and only if D is strongly connected and the greatest
common divisor of the lengths of all the cycles of D is 1 [3].

Let D be a primitive digraph. For any v;,v; € V(D), the exponent from v, to v;, denoted by
expp(v;, v)), is the smallest positive integer m such that there is a walk of length ¢ from v, to
v; for each t>m. The exponent of vertex v; € V(D), denoted by expp(v;), is the smallest
positive integer m such that there is a walk of length ¢ from v; to each vertex of D for each
t>m. Clearly, expp(v;) = max{expp(v;, v))|v; € V(D)}. If we choose to order the vertices of
D in such a way that

expp(l) = expp(2) < -+ < expp(n),

then expp(k) is called the kth local exponent of D (i.e., the kth smallest vertex exponent).
It is clear that exp(D) =expp(n).

A signed digraph S is a digraph where each arc of S is assigned a sign 1 or —1. The sign of
the walk W (in a signed digraph), denoted by sgn W, is defined to be the product of signs
of all arcs in W. Two walks W, and W, in a signed digraph are called a pair of SSSD
walks, if they have the same initial vertex, same terminal vertex, same length, but different
signs. A signed digraph S is called powerful if S contains no pairs of SSSD walks, and is
called primitive if its nonsigned digraph is primitive.

Definition 1.3 Let S be a primitive nonpowerful signed digraph of order n. The base of S,
denoted by /(S), is defined to be the smallest positive integer / such that for any vertex v;
and vertex v; (not necessarily distinct) in S, there exists a pair of SSSD walks of length /
from v; to v;. For any v;, v; € V(S), the base from v; to v;, denoted by s (v;, v;), is defined to
be the smallest positive integer / such that there is a pair of SSSD walks of length ¢ from v;
to v; for each integer t > [. The base of a vertex v; € V(S), denoted by /s (v,), is defined to be
the smallest positive integer / such that there is a pair of SSSD walks of length ¢ from v; to
each vertex v; € V(S) for each integer ¢ > /. We choose to order the vertices of S in such a
way that

Is(1) < Is(2) < --- < Is(n),



Linear and Multilinear Algebra 207

then we call /g4(k) the kth local base of S (i.e., the kth smallest vertex base).

Clearly, /s(v;) = max{/s(v;,v)|lv; € V(S)}, and I(S) = max{ls(vi)|v,- e V(S)}.

Let A =(a;) be a sign pattern of order n. The associated digraph D(A) of A is defined
to be the digraph with vertex set V'={v,v2,...,v,} and arc set E = {(v;, v))|a; # 0}. The
associated signed digraph S(A) of A is obtained from D(A) by assigning the sign of each
a; to the arc (v, v;) in D(A4). Let S be a signed digraph of order n. Then there is a sign
pattern A of order n whose associated signed digraph S(A4) is S. It is easy to see from
the above relation between sign patterns and sign digraphs that a sign pattern A4 of
order n is powerful if and only if its associated signed digraph S(A4) is powerful, A4 is
primitive if and only if S(4) is primitive, [(A4)=1S(4)), and [4(k)=Is(k) for
k=1,2,...,n.

A square matrix A is reducible if there exists a permutation matrix P such that

r [B 0
PAP _[D C},

where B and C are square nonvacuous matrices. The matrix A4 is irreducible if it is not
reducible, and is nearly reducible (or simply NR) if it is irreducible and each matrix
obtained from A4 by replacing a nonzero entry by 0 is reducible. A sign pattern A4 is called
nearly reducible if | 4] is nearly reducible. Clearly for a sign pattern A4, |4] is NR if and only
if D(A) is a minimally strongly connected digraph (or simply a NR digraph), and 4 is NR
if and only if S(4) is a minimally strongly connected signed digraph (or simply a NR
signed digraph).

In this work, we shall study the kth local base of a primitive nonpowerful NR sign
pattern (equally, the kth local base of a primitive nonpowerful NR signed digraph) of
order n>7. We obtain the sharp bound together with a complete characterization of the
equality cases, of the kth local bases for primitive nonpowerful NR sign patterns of order
n. We also show that there exist “‘gaps” in the kth local base set of primitive nonpowerful
NR sign patterns of order n.

2. Some preliminaries

The following Lemmas 2.1-2.5 are only concerned with the nonsigned digraphs, but these
results will be used in our study of the signed digraphs.

LEmMMA 2.1 [8] Let D be a primitive digraph of order n with the set of cycle lengths L.
Suppose {p,q} L, where ged (p, q)=1 and p<q. If D contains a p-cycle that intersects
a g-cycle, then for all 1 <k <n, expp(k) <p(q—2)+n—q-+k.

LeEmMMA 2.2 [1] Let D be a primitive digraph of order n. Then
expplk) <exppk—1)+1 for 2<k=<n.

Let ri<ry<---<r, be positive integers. The Frobenius—Schur index ¢(ri,rs,...,r,)
is the least integer such that the equation x;ry+ x,r;+---+ x,2,=m has a solution in
nonnegative integers xi, X, ..., x, for all m > ¢(ry,ra, ..., r,). A well-known result due to
Schur shows that ¢(ry, 7, ...,r,) is well defined provided ged(ry, rs,...,r)=1. For t=2,
it is also well-known that ¢ (r1,7) =01 —1) (r, —1).

In the remainder of this article, let D, _, be the primitive NR digraph of order n as
given in Figure 1.
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Figure 1. Digraph D,,_,,(n>7, s<n—1).

LEmMMA 2.3 [2,7] Let D be a primitive NR digraph of order n>"1. Then

(1) exp(D) <n® —4n+ 6, with equality if and only if D is isomorphic to D,, _ ln—2-

(2) For each integer k with n* —5n+9 <k <n*—4n+6 or n* —6n+12<k<n’—5n+9,
there is no primitive NR digraph D of order n with exp(D)=k.

(3) Up to isomorphism, there exists zero or one (D,_i,_3) primitive NR
digraph of order n such that exp(D)=n*>—5n+9, according to whether n is odd
or even.

LEMMA 2.4 [5] Forn=>1,

nw—=5n+7+k ifl <k<n-2,
expp, ,, (k) =expy ()= n*—4n+5 ifk=n—1,
n* —4n+6 ifk =n.

LeEmMA 2.5 For n>7 and n is even,

W —6n+10+k ifl<k<n-3,

n—5n+7 ifk=n-2,
€X k = ¢cX V) = -
panLnfB( ) pDrlfl,nf}( k) 7’12 — 51 4+8 lfk —n—1,
n —5n+9 ifk =n.

Proof For 2<k<n-—3 and 1 <i<n, it is easy to see that each walk from v, to v;
of length /> 1 must contain the vertex v, _1, and so if there exists a walk from v, to v; of
length /> 1, then there exists a walk from v, _; to v; of length /— 1. Thus,

expanl‘H(vk_l) < expDHJH(vk) for 2<k<n-3.
Similarly, we have

eXpp, ,, ,(n-a) < exPD,,,l‘,,,‘;(anz) < eXpDn,,,,1,3(Vn71) =< eXPD,,,l,,,,3(Vn)- (2.1)
It is clear that
expp,_,,;("i-3) =expp,_ (Va-2). 2.2)
Therefore

eXPp, |, (k) = GXPDHH(V/() for 1<k<n. (2.3)
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By Lemma 2.3
expanLH(n) = exleHvH(v,,) = exp(Dp—1,n-3) = n* —5n+09. 2.4)

Let 1 <k<n—3. By Lemma 2.1, expp, —1.,—3 (") < (n—3 +1+k=n*—6n+10+*k.
On the other hand, let W be any walk of length n* — 6n+9 +k from v, to v,_». Then,
W is a union of the unique path from v, to v,_, of length £+ 2 and several cycles of
length n — 1 and several cycles of length n — 3. Thus, there exist nonnegative integers a, b
such that

w—6n+9+k=an—1)+bn—3)+k+2,
that is,
n=2n—4)—1=n>—6n+7=an—1)+bn-73).

It is contradicting to the definition of ¢(n— 1,n—3). Thus, there is no walk of length
> —6n+9+k from v to v,_», and so eXPpy—1.1—3 (o) =n*—6n+ 10+ k. Then

expp, ,, (k) =expp,  ()=n"—6n+10+k for 1<k<n-3 (2.5

Combining (2.1)—~(2.5), and Lemma 2.2, the result now follows. |

LEMMA 2.6 [6] Let S be a primitive signed digraph. Then, S is nonpowerful if and only if S
contains a pair of cycles Cy and C, (say, with lengths py and p-, respectively) satisfying one of
the following two conditions:

(1) py is odd, p, is even, and sgn C, = —1;
(2) Both py and p, are odd and sgn C; = —sgn C».

For convenience, we call a pair of cycles C; and C, satisfying (1) or (2) in
Lemma 2.6 a distinguished cycle pair. If C; and C, form a distinguished cycle pair of
lengths p; and p», respectively, then the closed walks W, = p,C; (walk around C1, p, times)
and W,=pC, have the same length p;p,, but with different signs since
(sgnC)? = —(sgnC,)".

LEMMA 2.7 Let S be a primitive nonpowerful signed digraph with D as its
underlying digraph, and u € V(S). If there is a pair of SSSD walks with length r from
vertex u to u, then

Is(u) < expp(u) +r.
Proof Let v be any vertex of S, W, and W, be a pair of SSSD walks with length r from u
to u. For each integer /> expp(u) +r, [ — r > expp(u). So, there exists a walk W from u to v

of length /—r. Then W+ W and W,+ W form a pair of SSSD walks of length / from u
to v. By the definition of /g(u), the result follows. |

LemMMA 2.8 Let S be a primitive nonpowerful signed digraph of order n. Then

Isk) < sk —1)+1 for 2<k<n.

Proof Without loss of generality, let V| = {v;,v,..., w1} € V(S), such that vertex v,
has the ith local base, 1 <i<k—1. Because S is strongly connected, there is a vertex
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x € V\V and y € V| such that (x,y) is an arc of S. It follows that /s (x) <Ilg () + 1 <Ig
(k—1)+1, and the lemma holds. |

LemMA 2.9 [6] Let S be a primitive, nonpowerful, NR signed digraph of order n>". Then

(1) I(S)<2n*—Tn+8, with equality if and only if the underlying digraph is isomorphic to
Dn —ln—2-

(2) For each integer k with 2n*—9n+12<k<2n*—7Tn+8 or 2n*—lln+
18 <k <2n*>—9n+12, there is no primitive nonpowerful NR signed digraph S of
order n with I(S)=k.

(3) I(S)=2n*—9n+12 if and only if n is even and the underlying digraph of S is
isomorphic to D, _, _53; and there is no primitive, nonpowerful, NR signed digraph S
of order n with I(S)=2n" —9n+12 if n is odd.

3. Main results

THEOREM 3.1 Let S be a primitive, nonpowerful, NR signed digraph of order n>7 with
D, 1,5 as its underlying digraph. Then

202 —8n+9+k ifl <k<n-2,
Is(k) = Is(vi) = { 20> — Tn+7 ifk=n—1,
20 —Tn+8 if k =n.

Proof Firstly, we show that /g(v;) =2n> —8n+9+ifor 1 <i<n-—3.

Because S is primitive nonpowerful and S has only two cycles of lengths n — 1 and n — 2
respectively (we denote them C,, _; and C, _, respectively), by Lemma 2.6, C,,_; and C,,_»
form a distinguished cycle pair and sgn((n —1)C,_») = —sgn((n — 2)C,,_ ). Thus, there is
a pair of SSSD walks of length (n—1)(n—2) from v; to v; for 1 <i<n—3. Then by
Lemmas 2.4 and 2.7, [s(v) <expp,  ,v)+m—1)n-2)= 2> —8n+9+i for
l1<i<n-3.

On the other hand, we will show that there is no pair of SSSD walks of length
2n° —8n+8+i from v; to v, _; in S.

Let W, and W, be any two walks of length 21> —8n+8+i from v; to v,_; in S.
Then each W; (j=1,2) is a union of the unique path from v; to v,_ of length i+ 1 and
several cycles of length »—1 and several cycles of length n—2. Thus, there exist
nonnegative integers a;, b; (j=1,2) such that

2 —8n+8+i=an—D)+bn—-2)+i+1, (j=1,2),
that is,
20 —8n+T=an—D)+bn—-2), (j=1,2).

So (a»—a)(n—1)=(b;—by)(n—2). Let by—b,=(m—1)x. Then ar»—a;={n—2)x.
We claim that x=0.

If x>1, then a>n—-2, and so ¢m—1L,n—-2)—1l=m—-2)n—-3)—1=
n* —5n+5=(a —(m—2)n—1)+by(n+2). It is contradicting to the definition of
¢(n—1,n—2). A similar contradiction can be obtained if x <—1. Thus we have x=0.
So a;=a,, by=>b,, and thus sgn W;=sgn W,. This shows that there is no pair of
SSSD  walks of length 2n*—8n+8+i from v to v,_; in S. Then
Is(v)>2n* —8n+9 +i.
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Combining the above two inequalities, we have /g(v;) =2n> —8n+9+ifor 1 <i<n—3.

Second, we show that Ig(v,_,) = 20’ —Tn+17.

Since there is an arc from v,_, to v,_3, it is easy to see that [g(v,_») </s(v,_3) +
1=2n"—Tn+7.

On the other hand, let W and W, be any two walks of length 21> —Tn+ 6 from v, _» to
v,—1 in S. Then, each W; (j=1, 2) is a union of the unique path from v,_, to v,_; of
length n—1 and some cycles. Thus, there exist nonnegative integers a;, b; (j=1, 2)
such that

2 —Tn+6=an—1)+bn—2)+mn—-1), (=1,2),
that is,
2 —8n+T=an—1)+bn—2), (=12).

Similarly to the above discussion, we have that sgn W, =sgn W,. Then there is no pair of
SSSD walks of length 2n* —Tn+6 from v, _,tov,_, in S, and so Is(v,_o) > 207 —Tn+7.

Combining the above two inequalities, /g(v, ) =2n"—Tn +17.

Third, we show that /g(v,_ ) =2n* —Tn+7.

Since there is an arc from v,_; to v,_s, it is easy to see that Ig(v,_) <[ls(v,_3)+
1=2n"—Tn+7.

On the other hand, let W; and W, be any two walks of length 21> —7n+6 from
Vy—1 to v,_yin S. Then each W; (j=1, 2) is a union of several cycles of length n—1
and several cycles of length n—2. Thus, there exist nonnegative integers a;, b; (j=1, 2)
such that

2 —Tn+6=an—1)+bn—-2), (=12).

Noticing that the vertex v,_; is not in the cycle C,_,, a;>1 for j=1, 2.
So (ar—a))(n—1)=(by1—b)(n—2). Let by—br=(m—1)x. Then a—a;=@n—2)x.
We claim that x=0.

If x>1,then aa>n—1(sincea;>1),andsop(n—1,n—2)— 1 =m—-2)(n—-3)— 1=
n —5n+5=(—m—1)n—-1)+b(n—2). It is contradicting to the definition
of ¢(n—1,n—2). A similar contradiction can be obtained if x<—1. Thus, we have
x=0. So a;=ay, by=b,, and thus sgn W =sgn W,. This shows that there is no pair
of SSSD walks of length 2n> — 7n+ 6 from v,,_; to v,_; in S. Then Is(v, _1) > 21> — Tn+7.

Combining the above two inequalities, /g(v,_ ;) =2n*—Tn +17.

Finally, by Lemma 2.9, we have Ig(v,)=2n>—7n+8. Therefore the theorem
follows. |

THEOREM 3.2 Let n be even and S be a primitive, nonpowerful, NR signed digraph of order
n>7 with D, _y, _5 as its underlying digraph. Then

202 —10n+13+k ifl <k<n-3,

2n2—9n~|—10 i.k:n_za
ls(k):lS(Vk): 2n2_9n_|_11 l;k:n—l
22 — 9+ 12 ifk =n.

Proof First, we show that Is(v))=2n* — 10n+ 13 +ifor | <i<n—4.
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Because S is primitive nonpowerful and S has only two cycles of lengths n — 1 and n — 3
respectively (we denote them C,, _ and C,, _ 3 respectively), by Lemma 2.6, C,,_; and C,,_3
form a distinguished cycle pair and sgn((n — 1)C,,_3) = —sgn((n — 3)C,,_ ). Thus, there is a
pair of SSSD walks of length (n—1)(n—3) from v; to v, for 1<i<n—4. Then
by Lemmas 2.5 and 2.7, Is(v) <expp, ,, ,0v)+@n—1n-3)= 2> —10n 4+ 13 + i,
I<i<n-—4.

On the other hand, we will show that there is no pair of SSSD walks of length
2n° — 10n+ 12+ from v, to v, _, in S.

Let W, and W, be any two walks of length 21> — 10n + 124 from v; to v,,_» in S. Then
each W, (j=1, 2) is a union of the unique path from v; to v,_, of length i+ 2 and several
cycles of length n—1 and several cycles of length n— 3. Thus, there exist nonnegative
integers a;, b; (j=1, 2) such that

222 —10n+12+i=an—1)+bn—-3)+i+2, (j=1,2),
that is,
20 —10n+ 10 = aj(n — 1)+ b(n—3), (j=1,2).

So (a»—a)(n—1)=(b;—by)(n—3). Let by —br,=(n—1)x. Then ar»—a;=@n—3)x.
We claim that x=0.

If x>1,thena,>n—3,andsop(n—1,n—3)—1=m—-2)(n—4)— 1l =n>—6n+7=
(ap —(n—3))(n—1) 4+ by(n — 3). It is contradicting to the definition of ¢(n—1,n—3).
A similar contradiction can be obtained if x < —1. Thus we have x=0. So a; =a,, by =b,,
and thus sgn W, =sgn W,. This shows that there is no pair of SSSD walks of length
2n* —10n+ 12+ from v; to v,_» in S. Then s(v;)>2n> — 10n+ 13 +i.

Combining the above two inequalities, we have that [g¢(v;))=2n"—10n+ 13+,
I<i<n-—4.

Second, we show that /g(v, _3)=2n> —9n+ 10.

Since there is an arc from v, _3 to v,_y4, it is easy to see that Ig(v, _3)</s(v,_4)+1=
2n* —9n + 10.

On the other hand, let W, and W, be any two walks of length 2n* —9n+9 from v, _s to
v,—>in S. Then each W;(j=1, 2)is a union of the unique path from v, _ 5 to v, _, of length
n— 1 and some cycles. Thus, there exist nonnegative integers a;, b; (j=1, 2) such that

2n2—9n+9:aj(n— D+b(n—=3)+n—-1) (j=12),
that is,
2n° — 10n + 10=ai(n—1)+bi(n—3) (j=1,2).

Similarly to the above discussion, we have that sgn W, =sgn 5. Then there is no pair of
SSSD walks of length 2n* —9n+9 from v, _3 to v, _» in S, and so /s(v, _ 3) > 2n> — 9n + 10.

Combining the above two inequalities, /(v,_3)=2n* —9n + 10.

Third, we show that /s(v;)=2n> — 10n+124+iforn—2<i<n—1.

Since there are arcs from v, _, to v, _4 and from v, _ to v, _,, respectively, it is easy to
see that IS(vn_z)ng(vn_4)—|—1:2n2—9n—|—10, and IS(Vn—l)SlS(Vn—2)+1 =
2n° —9n+11.

On the other hand, let W, and W, be any two walks of length 2#* — 10n+ 11 + i from v;
to v,_,in S. Then each W;(j=1, 2) is a union of the unique path from v; to v, _, of length
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i—n+2 and several cycles of length n— 1 and several cycles of length n— 3. Thus there
exist nonnegative integers a;, b; (j=1, 2) such that

20 —10n+ 1l +i=an—1)+bn—3)+i—n+2, (j=1,2).

Noticing that the vertices v, _, and v,_, are not in the cycle C,_3, ¢;>1 for j=1, 2.
So (a»—a))(n—1)=(b; —b>)(n—3). Let by —b,=(n—1)x. Then a»—a;=@m—3)x. We
claim that x=0.

If x>1,then a,>n—2 (since ¢y >1),andsop(n —l,n—=3)—1=m—-2)n—4)— 1=
n—6n+7=(a—1n—-2)n—1)+by(n—3). It is contradicting to the definition
of ¢(n—1,n—3). A similar contradiction can be obtained if x<—1. Thus we have
x=0. So a;=ay, by =b,, and thus sgn W =sgn W,. This shows that there is no pair of
SSSD walks of length 2#*—10n+11+i from v, to v,_» in S. Then
Is(v))>2n* — 10n+ 12 + 1.

Combining the above two inequalities, /g(v;) =2n* —10n+12+ifor n—2<i<n—1.

Finally, by Lemma 2.9, we have Ig(v,)=2n"—9n+12. Therefore the theorem
follows. |

LeEmMA 3.3 [7] Let D be a primitive NR digraph. Then the length of the longest cycle of D
does not exceed n— 1.

LEmMMA 3.4 [6] Let D be a primitive NR digraph and C be a cycle of length n— 1 in D.
Then there only exists a unique cycle of length | (I<n—1) satisfying gcdin—1, [)=1 in D.

THEOREM 3.5 Let S be a primitive, nonpowerful, NR signed digraph of order n>"7 with D
as its underlying digraph, where D is not isomorphic to D, _1, _» or D, _1,_5. Then for
1 <k <n, we have

Is(k) < 2n* — 10n + 10 + k.

Proof Since S is primitive nonpowerful, by Lemma 2.6, there is a distinguished cycle pair
Cy and C, (with lengths, say, p; and p,, respectively), where p;C> and p,C; have different
signs. Note that D is not isomorphic to D,_y,_» or D,_;,_3 By Lemma 2.3,
exp(D) <n’® —6n+ 12.

Case 1 C; and C, have no common vertices.

Assume that v; € V(C)) and v, € V(C,) such that the shortest path P from v, to v,
doesn’t contain any vertex of (V(C;)U V(Cy)\{vi,v2}. Let Q be the shortest path
from v, to v;. Denote /(P)=p and /[(Q)=gq. It is easy to see that p,C;+ P+ Q and
P+p Cr+Q form a pair of SSSD walks from v, to v; of length pip,+p+gq.
Note pitpr<n, p<n—pi—pr+1, and g<n-—1. Then pipa+
pHa<pm+2i—pi—p=pi—Dp2— D+ 20— 1 <[1/p1+p2—2F +2n—1 <
[(1/2)(n —2)P +2n — 1 = (n*/4) +n. By Lemmas 2.7 and 2.8, Is(1) < Is(v)) < exp(D) +
pipr+prqg<nm?—6n+ 124+ @ /4 +n<2n>—10n+11, and Igk)<Ilg(l)+k—-1<
2n* —10n+ 10 + k.

Case 2 Cy and C, have some common vertices. Let v € V(C)) N V(Cy).

Subcase 2.1 py=p>=p.
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By Lemma 3.3, p <n— 1. Clearly, p is odd and sgn C; = —sgn C,. Thus C; and C, form a
pair of SSSD walks from v to v of length p. By Lemmas 2.7 and 2.8,
I <Is(v)<exp(D)+p<n®—6n+124+n—1=n>—5n+11, and Igk)<Is(l)+k—1<
n* —5n+10+k<2n*— 10n+ 10 + k.

Subcase 2.2 p1#p-.

It is easy to see that pp, <(n—3)(n—2), and p,C; and p;C, form a pair of SSSD walks
from v to v of length pip>. By Lemmas 2.7 and 2.8, Is(1) < Is(v) <exp(D) + pi1p» < n* —
on+12+m> —5n+6)=2n"—11n+18, and  [gk)<Is()+k—1<2n*—11n+17+
k<2n*—10n+10+ k.

Combining the above cases, the result follows. |

By Theorems 3.1, 3.2 and 3.5, we obtain the following theorem.
THEOREM 3.6  Let S be a primitive, nonpowerful, NR signed digraph of order n >"7. Denote
2 —8n+9+4+k ifl<k<n-2,

hik)=13 22 =Tn+7 ifk=n—1,
20> —Tn+8 ifk =n,

and

2 —10n+13+k ifl <k<n-3,

hk) = 2n* —9n + 10 ifk=n-2,
Y —on+ 11 ifk=n—1,
20> —9n + 12 ifk =n.

Then for 1 <k <n, we have

(1) Is(k) < Ii(k), with equality if and only if the underlying digraph of S is isomorphic to
Dn—l,n—Z

(2) For each integer t with L(k)<t<h(k) or 2n* —10n+ 104k <t<k(k), there is no
primitive, nonpowerful, NR signed digraph S of order n with Is(k)=t.

(3) Is(k)=05L(k) if and only if n is even and the underlying digraph of S is isomorphic to
D, _1.,—3; and there is no primitive, nonpowerful, NR signed digraph S of order n with
Is(k) =1(k) if n is odd.
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