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Abstract. It was conjectured by Caccetta and Haggkvist in 1978 that every digraph G with
n vertices and minimum outdegree at least » contains a directed cycle of length at most
[n/r]. By refining an argument of Chvatal and Szemerédi, we prove that such G contains a
directed cycle of length at most n/r + 73.

1. Introduction

Let G= (V,E) denote a digraph on n vertices. Loops are permitted but no
multiple arcs. If G has at least one (directed) cycle, the minimum length of a cycle
in G is called the girth of G, denoted g(G). Let degg: (u), or deg” (u) if G is specified,
denote the outdegree of the vertex u in G. Let 7 (G) denote the minimum out-
degree of G. Throughout the paper, G always denotes a digraph on n vertices with
girth g and 67 (G) > r.

In 1978, Caccetta and Haggkvist [3] proposed the following conjecture:

Conjecture 1. Any digraph on n vertices with minimum outdegree at least r contains
a directed cycle of length at most [n/r].

This conjecture has been proved for » = 2 by Caccetta and Haggkvist [3], for
r = 3 by Hamidoune [5] and for » = 4,5 by Hoang and Reed [6]. Recently, Shen
[9] proved the conjecture when n > 27> — 37 + 1. This implies that, for each given
r, the number of counterexamples to the conjecture, if any, is finite. While the
general conjecture is still open, some weaker statements have been obtained.
Among them, it is worth mentioning the following two results of Chvatal and
Szemerédi.

Lemma 1. [4] Let G be a digraph of order n with 5" (G) >r. Then g <2n/
(r+1).
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Lemma 2. [4] Let G be a digraph of order n with 6" (G) >r. Then g <n/r+
2500.

In 1988, Nishimura [7] refined the proof of Chvatal and Szemerédi, reducing
the additive constant in Lemma 2 from 2500 to 304.

We first improve the result in Lemma 1 by showing that g < 3[(In ”T‘ﬁ) .
Then by refining the argument of Chvatal and Szemerédi further, we prove that
every digraph with n vertices and minimum outdegree at least » contains a directed
cycle of length at most n/r + 73.

2. Main Results

In [8], we investigated a special case of the Caccetta—Héaggkvist Conjecture: What
is the smallest possible value ¢ such that the girth of any digraph on n vertices with
07(G) > cn is at most 3? The following lemma is an improvement of a recent
result of Bondy [2].

Lemma 3. [8] Any digraph on n vertices with minimum outdegree at least (3 — \/T)n
has girth g < 3.

We denote by dist(u«, v) the number of arcs in a shortest directed path from vertex
uto vin G. For any non-negative integer i, let N;(u) := {w € V : dist(u, w) < i} and
N/(u) :={w e V : dist(w,u) < i}. Similarly for a subset ¥} of V, let N;(W}) :=
Uuer Ni(u). Recall that No(u) = {u} as u is at distance 0 from itself.

Theorem 1. Suppose G is a digraph of order n with 5" (G) > r. Then

g< 3{(11122\/7) ﬂ

Proof. Suppose G is a counterexample with the minimum number of vertices. It
may be supposed that » < (3 — +/7)n; otherwise the theorem follows from Lem-
ma 3 immediately.

Claim 1. |N;(u)| > n(1 — (1 —r/n))+ 1 for all ueV and 1 <i<g—1. Since
INi(u)| > r+1, Claim 1 holds for i=1. Now suppose i>2,|Ni_i(u)|>
n(1—(1=r/n)"" 41 and |Nju)| < n(1 = (1 —r/n)") + 1. Since i < g — 1, there
are no arcs from Ni_1(u) to u. Let Gy be the subdigraph of G induced by
N1\ {u}. Then 5¥(Gy) > r — INi(u)\Ni_1 ()]

Since G is not a counterexample to Theorem 1,
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n2+\/7 INi—1 () \{u}|
g <9g(Gy) §3R1 3 )r—|]\/,~(u)\]\’i1(u)—‘

<3

_< 2+ \/— |N, 1 \{u}| (|Nl71(u)\{u}| _ n(l _ (1 i r/n)iil)) "
)

)r—IN NNic1 ()] = (Ni—1 @)\ {u} = n(1 = (1 —r/n)"!
[ n(l—(1—r/n)"")

3
= ( )r—|N WY +n(l = (1 —r/n)" ‘J

( 247

n(1—(1=r/n)" ‘ w
r=n(l = =r/n))+n(1 = (1=r/n)"

=3 _<ln2+3\/7> ;-‘7

a contradiction. Thus Claim 1 follows by induction.

Let 1 = [(In 2*‘/7) . We may suppose ¢ < g — 1; otherwise g < ¢ and we are
done. By claim 1, |N,(u)| >n(1—(1—r/n)")+1>(3— \/7)n+ l. Let G, =
(V,E») be the digraph having the same vertex set as G such that (u,v) € E, if and
only if v € N,(u)\{u} in G. Then 6" (G,) > (3 — v/7)n. Thus ¢g(G,) < 3 by Lemma
3. By the definition of G,, every arc (u, v) in G, can be replaced by a walk of length
at most ¢ from u to v in G. Therefore g < 3¢, from which Theorem 1 follows. ]

Lemma 4. For any real numbers ¢ and t such that 0.5 < e < 1 and ¢t > 226.3, there
exists an integer m = m(e) > 8 such that

m(t+71.4) —2mt(2 —€) +2t(m —1)(2—¢€) - "/ (2—¢€)/m >0

and
BE—ela+)(r+714) 733 —¢) <£_2
71.4a(t + 73 — te) t+73—tc a
where
m*(t +71.4)

m(t+71.4) = 2mt(2 — €) + 2(m — )2 =€) - "/ 2 —e)/m

Proof. We set

(28 -20¢)] if085<e<],
T [19.5—10¢) if0.5<e<0.85.
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Thus 8 <m < 14. Let x=1¢/(t+71.4) and y= "{/(2—¢€)/m. Then 0.76 <
226.3/(226.3+714) <x <1 and

{ 2+ m)/20m) <y < "V/(13+m)/20m) if 8 <m <10,
"05+m)/(10m) <y < "V/(1.5+m)/(10m) if 11 <m < 14.

Let fi(y) =1-2my" ' +2(m—1)y". Then fly) =2m(m — 1)y"2(y—1) <0.
Thus

m(t+71.4) = 2mt(2 — €) + 2t(m— )2 —¢€) - "V/(2—¢€)/m

= m(t +7L4)(1 = 2x(my""! — (m — 1)y"))

> m(t+714) - fi(y)

m(t+71.4) - fi("Y/(13+m)/(20m)) if 8 <m < 10,
{m(t+71.4)-f1(’”\‘/m) if 11 <m< 14

> 0.

>

To prove the second inequality in Lemma 4, it is equivalent to
prove (3—e€)(a+ 1)+ 71.4a(l —€)(2t —73)/(73(t +71.4)) — T1.4¢(¢ + 73 — te)/
(73(t+71.4)) < 0.

Case 1. t>328.5. Since 71.4(2¢ —73)/(73(t+ 71.4)) < 1.96 and (¢ + 73 — te)/
73 >5.5—4.5¢ = 4.5my""! — 3.5, it suffices to prove (3 — €)(a + 1) + 1.96a(1 — ¢)
—71.4t(4.5my""! —3.5)/(t + 71.4) < 0; i.e.,

f(x,y) = a(2.96my™" —0.96) + my" ' +1 —71.4x(4.5my"! —3.5) <0,

where 0.82 < 328.5/(328.5+ 71.4) <x < 1 and

(mym=t — (m = 1)ym)’

a=mti—5

Recall that 1 — 2x(my"~! — (m — 1)y™) > fi(y) > 0. Thus f(x,y) is continuous for
all x and y. Since f(x,y) > 0, we have max{f(x,y)} = max{f(1,»), f(0.82,y)}
for every fixed y. Thus to find max{f(x,y)}, we can assume x to be 1 or 0.82 in the
rest of the case.

Now f;('xhy) =m(m — 1)y"=2 - h(x,y), where

2mx(2.96my™ 1 —0.96)(1 — y)

h(x,y) =2.96a+ 1+
x.7) (1 — 2emy"=1 + 2x(m — 1)ym)?

—321.3x.

Since m — 1 > my, it can be checked that /) (x, y) > 0. Thus
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h(x, "/ (13 +m)/(20m)) if 8 <m < 10,

h(x,y) <
) < {h(x, "V (LS54 m)/(10m)) if 11 <m < 14.

<0

Therefore  f(x,y) <0 and  max{f(x,y)} = max{f(x, V/(12+i)/(20)),
S(x, R/ 0.5+5)/(10/)) :x=10r 0.82,8 <i<10,11 <j< 14} =
f(1,3/1/8) <0.

Case 2. 2263 <t <3285 Since 71.4(2t—73)/(73(t+71.4)) <143 and
(t+73 —te)/73 > 4.1 —3.1e=3.lmy" ' — 2.1, it suffices to prove (3 —¢)
(a+ 1)+ 1.43a(l — ) — TL4e(3.Imy™ ' — 2.1)/(t + 71.4) < 0; i.e.,

a(2.43my™ 1 —0.43) + my" '+ 1 - 71.4x(3.1my" 1 —2.1) <0,

where 0.76 <x < 328.5/(328.5+ 71.4) < 0.83. This can be proved by a similar
argument to that in Case 1 above. Therefore Lemma 4 holds. O

Now we are ready to prove our main theorem. As in [7], our proof in Theo-
rem 2 below follows the basic ideas of the argument in [4]. However unlike the
proof in [7], our major improvement results from the following two changes: (i)
Theorem 1 is employed to replace Lemma 1. (ii) All key parameters, such as m, a
and b, are by definition dependent on the value of ¢;; at the same time, they are
kept as balanced as possible to optimize the upper bound for g. In addition to
these, we also make many other changes that result in some minor improvements.
To make the paper self-contained, we include a detailed proof.

Theorem 2. Suppose G is a digraph of order n with 57 (G) > r. Then
g<-+73.
,

Proof. Suppose G is a counterexample with the minimum number of vertices.
Then G is strongly connected. For convenience, we write t = n/r. By Theorem 1, it
may be supposed that ¢ > 226.3. We can also suppose » > 6 by the result in [6].

Claim 1. |[N\(X)\X| > r — |X|-r/n for any proper subset X C V. Otherwise sup-
pose [N (X)\X| <r— |X|-r/n. Let Gy be the subdigraph of G induced by X. Then
07 (Gy) > r— [N\ (X)\X| > |X]| - #/n. By the choice of G, we know that G is not a
counterexample for Theorem 2. Thus g < g(Gy) < |X|/067(G\) +73 <n/r+73, a
contradiction to the choice of G.

Claim 2. There exists some vertex x such that

{ IN|(1473)/2) ()]
IN|(1+72)/2) ()]

Otherwise suppose Claim 2 fails; i.e., for any vertex x,

(n+1)/2 if (t+73)/2— [(t+73)/2) <0.5,

<
<Q@n—-r+1)/4 if (t+73)/2—[(t+73)/2] >0.5.
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{IN e473)/2) (X)) > (n +2)/2 if (t+73)/2 = |(t+73)/2] 0.5,
INLimya (0)] = (2n—r+2)/4 if (t+73)/2 = |(t+73)/2] > 0.5.

Then an averaging argument shows the existence of a vertex x such that

{lN’ (732 @) = (n+2)/2 if (t+73)/2— [(t+73)/2] <0.5,
Ny @) = n = +2)/4if (64 73)/2 = [(1+73)/2] > 0.5.

If (¢473)/2 — [(t+73)/2] <0.5, then there exists a vertex y other than x such
that y € Ni(1473)/2 (x) N N{(;73) > (x). Thus a shortest path from x to y and a
shortest path from y to x combine into a closed walk of length at most 1 4 73, a
contradiction to the choice of G. Now suppose (¢ + 73)/2 — [ (¢ +73)/2] > 0.5. It
may be supposed that N 7)2)(x) is a proper subset of V; otherwise
g<[(t+72)/2) +1<t4+73. By Claim 1, [N|74)2)(X)| = [N|172)72) (X)| +
[Nt (N (1+72)/2) ) \N 0472)12) (0)| 2 7+ [N 572)2) (X) [ - (n = 7) /n > (2n 47+ 2) /4.
Thus there exists a vertex z other than x such that z € Ny (174 21 (X) O N] (722 (%)
from which Claim 2 follows similarly as above.
We define ¢ by

[(t4+73)/2](r—c)=(n+1)/2 if (¢+73)/2—|(t+73)/2] <0.5,
[(t+72)2|(r—c)=2n—r+1)/4 if (¢4+73)/2—[(t+73)/2] > 0.5.
Thus

73/(t+73) > c/r > T1.4/(t + 71.4). (1)

By Claim 2, there exists a smallest positive integer d with the following
property:

INs(s)| < d(r—c) for some vertex s. (2)
Indeed, we have d < [ (¢ + 73)/2] and |Ny(s)| < (n+1)/2.

Claim 3. With s as in (2), there are at most (i+ 1)(r —c) vertices y with
d — i <dist(s,y) < d for all non-negative integers i < d — 1. By the minimality of d,
we have |Ny_;i_1(s)| > (d — i — 1)(r — ¢). Thus Claim 3 follows from (2).

Let U := {w: dist(s,w) = d} and |U| = €(r — ¢). Then ¢; < | by Claim 3. On
the other hand, since |[Ny—i(s)| < [Ng(s)| =1 < (n—1)/2 and U = Ny(s)\Nyg—1(s),
by Claim | we have |U| >r— |Ny_i(s)|-r/n > 0.5r; ie., € > 0.5. Recall that
t > 226.3. By Lemma 4, there exists an integer m = m(e;) > 8 such that

m(t+71.4) —2mt(2 —€)) +2t(m — )2 —€1) - "\/(2—¢€1)/m >0 (3)

and
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BG—e)a+1)(t+71.4) 3B —e) ¢
- <ioo @
71.4a(t+ 73 —tey) t+73—teg a
where
2 1.4
a=m+ m(t +71.4) >0. (5)
m(t+71.4) =2mt2 —e)) +2t(m —1)2 —€e1) - "/ (2 —€1)/m
Let

b= : . (6)
2—e)(1-"3/(2—e)/m)

Then b > 0 and 2 — ¢; — 1/b > 0. We now divide the proof into the following two
cases:

Case 1. For every vertex v with dist(s,v) =d — 1, these is a vertex w with
dist(v,w) < t/a — 1 and dist(s, w) < d — 3. In this case, we consider the following
two subsets of G:

Q= {v:dist(s,v) =d — 1},

P := {u : dist(s,u) = d — 2 and there are at least (» — ¢)/b arcs uv with v € Q}.
Let |Q] = ex(r—c¢). By Claim 3, e <2 —¢; and |P| < 3 — €1 — &) (r — ©).

Claim 4. There are a subset R of P and a subset S of Q such that
R| < (2—€ — 1/b)(r — ¢)/m,|S| < m and such that for every u € P\R there is an
arc uv with some v € S. To justify the claim, we may assume |Q| > m, for otherwise

we could set R =0 and S = Q; we may also assume P # (), or else we could set
R=S=0. Thus e; > 1/b by the definition of P.

Now we shall inductively construct a sequence Ry, Ry, ...,R,, of subsets of P
and a sequence Sp,Si,...,S, of subsets of Q such that |R;| < (3 —¢€ —e)
(r—c)(1 —1/(bep))", |S:| = i and such that R; consists of those vertices u in P for
which there are no arcs uv with v € S;. To initialize, we may set Ry = P and Sy = 0.
When R; and S; have been constructed, the number of arcs uv with u € R; and
ve Q\S; is at least |R;| - (r — c¢)/b. Hence there is a vertex v* € O\S; such that,
writing

R'={u€R :uw" €k},

we have |R*| > |R;| - (r — ¢)/(b-|O\Si|) > |Ri|/(bey). By setting R;y; = R;\R* and
Sit1 =S;U{v*}, we have |Rit1| = |Ri| —|R*| < |Ri|- (1 —=1/(ber)) and |Sit| =
IS;| +1. Thus, by induction, |[R,|<(3—¢ —e)(r——c)(l—1/(be))" and
|Si| = m, where 1/b < e <2—¢.
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Let f(x) = (3—¢ —x)(1 —1/(bx))", where 1/b <x <2 —¢ < 1.5. Then

F1(x)=(1=1/(bx)" " (m(3 — €, —x) +x — bx?)/(bx?)

m—1 1 2
> (1—1/(bx)) <m ( — r—————-@el)/m))/(bx)

m\/] (2—e)/m 2
> (1—=1/(bx)) (m . *(2_61)/’”)/(& )

el " 1.5/m 5
> (1-1/(bx)) <m1.51_m\l/m>/(bx ).

Recall that m > 8. It is easy to prove that m™ > 1.5(m + 1.5)'"71, which implies
f'(x) > 0. Therefore |R,|<(r—c) -f(e)<(r—c)  -fQ—e)=Q2—-¢—1/b)
(r — ¢)/m. By setting R = R,, and § = S,,, Claim 4 follows.

Next we shall construct a digraph H by adding certain new arcs to the
subdigraph of G induced by N;_»(s)\R. These new arcs uz are added for each
vertex u in P\R; their other endpoints run through all the vertices z in H for which
there is an arc uv with v € § and dist(v,z) < t/a. Recall that |N,(s)| < (n+1)/2.
Thus H contains fewer than n/2 vertices.

Claim 5. 6" (H) >r— (r —c)/b— |R|. To see this, let u be any vertex in H. If
dist(s,u) < d — 3, then deg},(u) > r — |R|. If dist(s,u) = d — 2 and u¢ P, then there
are at most (r—c)/b arcs from u to Q by the definition of P. Thus
degj;(u) >r—(r—c)/b—|R|.

Finally suppose u € P\R. Then there is an arc uv with v € S by Claim 4; there is
a vertex w with dist(v,w) < t/a — 1 and dist(s,w) < d — 3; there are at least r
vertices z with wz € E. At most |R| of these vertices z are in R, and the remaining
ones are in H. Thus, by the construction of H, we have degj,(u) >r —|R)|.
Therefore Claim 5 follows.

By the choice of G, Theorem 2 holds for H; i.e., H contains a directed cycle C
of length at most |H|/6" (H) + 73.

Claim 6. g < |H|/0"(H) +tm/a+73. To see this, it may be supposed that
some positive number | of new arcs uz (those contained in H but not in G) are
included in C.

Since each of these new arcs uz in H can be replaced by an appropriate directed
path of length at most #/a + 1 in G and passing through S, we can convert C into a
closed directed walk C* of length at most |H|/6" (H) + It/a+ 73 in G. Since C*
passes through S at least / times and since |S| < m (Claim 4), some vertex in S
occurs on C* at least [//m] times. Thus C* breaks down into at least [//m]
directed cycles in G; i.e.,

- |H|/6"(H) +tl/a+ 73

g =< 1/ < |H|/6"(H) + tm/a+73.
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By (1), r—c <tr/(t+71.4). Recall that t = n/r. Thus by (3), (5), (6) and
Claims 4, 5, 6,

)< n/2
“r—(r—c)/b—Q2—e —1/b)(r—c)/m

t
+ 247
a

B n(t+71.4)/2
“r(t+714)—tr/b—tr(2 — € — 1/b)/m

17
+ 247
a

B tm(t +71.4) +tﬁ+73
C 2m(t+71.4) = 2tm/b—2t2— € — 1/b)  a

=t+73.

Case 2. There is a vertex v with dist(s,v) =d — 1 such that no vertex w has
dist(v,w) < t/a — 1 and dist(s,w) > d — 3. In this case, let

T :={y e Ny(v) : d = 2 < dist(s,y) <d — 1}.

By Claim 3, |7} <3(r—c¢) — |U|= (3 —¢€)(r—c¢) for all i. Thus, for all suffi-
ciently large i.

aci(t + 73 — te))

T <=3

(7)
Let j > 0 be the largest i such that (7) fails.

Claim 7. j < t/a — 2. To see this, we have

acj(t+73 — tey)

73(a+1) < < B —e)(r—o).

By (1) and (4),

313 —e)a+1) TG —e)
ac(t+73 —tey)  t+ 73 —te

_BE-e)a+ De+714)  BB-a) _t

- T1.4a(t 473 — te;) t+T73—te a

Let F' be the subdigraph of G induced by 7;. By Claim 7 and the assumption of
this case, each arc yw with y € T} has dist(s,w) > d — 2, and so either w € T, or
dist(s,w) = d. By the maximality of j, we have |Tj\T}| <ac(t+73 —ter)/
(73(a+1)). Thus 6" (F) >r —|U| = |T;\T}| > r —e1(r —c) —ac(t +73 — te1)/
(73(a+ 1)) > c(t+73 —te1)/(73(a + 1)), where the last inequality follows from
(1). Since F is not a counterexample to Theorem 2,
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g <g(F) < |Tj|/67(F) + 73 < [Tj1]/07(F) + 73
<ac(t+73—te)(j+1)/(73(a+ 1)1 (F)) + 73
<a(j+1)+73<t+73,

where the last inequality follows from Claim 7. This completes the proof of
Theorem 2. O

Acknowledgment. I want to thank a referee for many valuable suggestions leading to the
clear presentation of the paper.
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