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Abstract. It was conjectured by Caccetta and Häggkvist in 1978 that every digraph G with
n vertices and minimum outdegree at least r contains a directed cycle of length at most
dn=re. By refining an argument of Chvátal and Szemerédi, we prove that such G contains a
directed cycle of length at most n=r þ 73.

1. Introduction

Let G ¼ ðV ;EÞ denote a digraph on n vertices. Loops are permitted but no
multiple arcs. If G has at least one (directed) cycle, the minimum length of a cycle
in G is called the girth of G, denoted gðGÞ. Let degþGðuÞ, or degþðuÞ if G is specified,
denote the outdegree of the vertex u in G. Let dþðGÞ denote the minimum out-
degree of G. Throughout the paper, G always denotes a digraph on n vertices with
girth g and dþðGÞ � r.

In 1978, Caccetta and Häggkvist [3] proposed the following conjecture:

Conjecture 1. Any digraph on n vertices with minimum outdegree at least r contains
a directed cycle of length at most dn=re.

This conjecture has been proved for r ¼ 2 by Caccetta and Häggkvist [3], for
r ¼ 3 by Hamidoune [5] and for r ¼ 4; 5 by Hoáng and Reed [6]. Recently, Shen
[9] proved the conjecture when n � 2r2 � 3r þ 1. This implies that, for each given
r, the number of counterexamples to the conjecture, if any, is finite. While the
general conjecture is still open, some weaker statements have been obtained.
Among them, it is worth mentioning the following two results of Chvátal and
Szemerédi.

Lemma 1. [4] Let G be a digraph of order n with dþðGÞ � r. Then g 	 2n=
ðr þ 1Þ.
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Lemma 2. [4] Let G be a digraph of order n with dþðGÞ � r. Then g 	 n=rþ
2500.

In 1988, Nishimura [7] refined the proof of Chvátal and Szemerédi, reducing
the additive constant in Lemma 2 from 2500 to 304.

We first improve the result in Lemma 1 by showing that g 	 3dðln 2þ
ffiffi
7

p

3 Þ nre.
Then by refining the argument of Chvátal and Szemerédi further, we prove that
every digraph with n vertices and minimum outdegree at least r contains a directed
cycle of length at most n=r þ 73.

2. Main Results

In [8], we investigated a special case of the Caccetta–Häggkvist Conjecture: What
is the smallest possible value c such that the girth of any digraph on n vertices with
dþðGÞ � cn is at most 3? The following lemma is an improvement of a recent
result of Bondy [2].

Lemma 3. [8] Any digraph on n vertices with minimum outdegree at least ð3 �
ffiffiffi
7

p
Þn

has girth g 	 3.

We denote by dist(u; v) the number of arcs in a shortest directed path from vertex
u to v in G. For any non-negative integer i, let NiðuÞ :¼ fw 2 V : distðu;wÞ 	 ig and
N 0
i ðuÞ :¼ fw 2 V : distðw; uÞ 	 ig: Similarly for a subset V1 of V , let NiðV1Þ :¼

[u2V1
NiðuÞ. Recall that N0ðuÞ ¼ fug as u is at distance 0 from itself.

Theorem 1. Suppose G is a digraph of order n with dþðGÞ � r. Then

g 	 3

&
ln

2 þ
ffiffiffi
7

p

3

� �
n
r

’
:

Proof. Suppose G is a counterexample with the minimum number of vertices. It
may be supposed that r < ð3 �

ffiffiffi
7

p
Þn; otherwise the theorem follows from Lem-

ma 3 immediately.

Claim 1. jNiðuÞj � nð1 � ð1 � r=nÞiÞ þ 1 for all u 2 V and 1 	 i 	 g� 1. Since
jN1ðuÞj � r þ 1, Claim 1 holds for i ¼ 1. Now suppose i � 2; jNi�1ðuÞj �
nð1 � ð1 � r=nÞi�1Þ þ 1 and jNiðuÞj < nð1 � ð1 � r=nÞiÞ þ 1. Since i 	 g� 1, there
are no arcs from Ni�1ðuÞ to u. Let G1 be the subdigraph of G induced by
Ni�1ðuÞnfug. Then dþðG1Þ � r � jNiðuÞnNi�1ðuÞj.

Since G1 is not a counterexample to Theorem 1,
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g 	 gðG1Þ 	 3

&
ln

2 þ
ffiffiffi
7

p

3

� �
jNi�1ðuÞnfugj

r � jNiðuÞnNi�1ðuÞj

’

	 3

&
ln

2 þ
ffiffiffi
7

p

3

� �
jNi�1ðuÞnfugj � ðjNi�1ðuÞnfugj � nð1 � ð1 � r=nÞi�1ÞÞ

r � jNiðuÞnNi�1ðuÞj � ðjNi�1ðuÞnfugj � nð1 � ð1 � r=nÞi�1ÞÞ

’

	 3

&
ln

2 þ
ffiffiffi
7

p

3

� �
nð1 � ð1 � r=nÞi�1Þ

r � jNiðuÞnfugj þ nð1 � ð1 � r=nÞi�1Þ

’

	 3

&
ln

2 þ
ffiffiffi
7

p

3

� �
nð1 � ð1 � r=nÞi�1Þ

r � nð1 � ð1 � r=nÞiÞ þ nð1 � ð1 � r=nÞi�1Þ

’

¼ 3

&
ln

2 þ
ffiffiffi
7

p

3

� �
n
r

’
;

a contradiction. Thus Claim 1 follows by induction.
Let t ¼ dðln 2þ

ffiffi
7

p

3 Þ nre. We may suppose t 	 g� 1; otherwise g 	 t and we are
done. By claim 1, jNtðuÞj � nð1 � ð1 � r=nÞtÞ þ 1 � ð3 �

ffiffiffi
7

p
Þnþ 1. Let G2 ¼

ðV ;E2Þ be the digraph having the same vertex set as G such that ðu; vÞ 2 E2 if and
only if v 2 NtðuÞnfug in G. Then dþðG2Þ � ð3 �

ffiffiffi
7

p
Þn. Thus gðG2Þ 	 3 by Lemma

3. By the definition of G2, every arc ðu; vÞ in G2 can be replaced by a walk of length
at most t from u to v in G. Therefore g 	 3t, from which Theorem 1 follows. (

Lemma 4. For any real numbers � and t such that 0:5 	 � 	 1 and t � 226:3, there
exists an integer m ¼ mð�Þ � 8 such that

mðt þ 71:4Þ � 2mtð2 � �Þ þ 2tðm� 1Þð2 � �Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2 � �Þ=mm�1

p
> 0

and

73ð3 � �Þðaþ 1Þðt þ 71:4Þ
71:4aðt þ 73 � t�Þ � 73ð3 � �Þ

t þ 73 � t�
<
t
a
� 2;

where

a ¼ mþ m2ðt þ 71:4Þ
mðt þ 71:4Þ � 2mtð2 � �Þ þ 2tðm� 1Þð2 � �Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2 � �Þ=mm�1

p :

Proof. We set

m ¼ b28 � 20�c if 0:85 < � 	 1,
b19:5 � 10�c if 0:5 	 � 	 0:85.

�
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Thus 8 	 m 	 14. Let x ¼ t=ðt þ 71:4Þ and y ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2 � �Þ=mm�1

p
. Then 0:76 	

226:3=ð226:3 þ 71:4Þ 	 x 	 1 and

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð12 þ mÞ=ð20mÞm�1

p
	 y 	

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð13 þ mÞ=ð20mÞm�1

p
if 8 	 m 	 10,ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð0:5 þ mÞ=ð10mÞm�1
p

	 y 	
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1:5 þ mÞ=ð10mÞm�1

p
if 11 	 m 	 14.

(

Let f1ðyÞ ¼ 1 � 2mym�1 þ 2ðm� 1Þym. Then f 01ðyÞ ¼ 2mðm� 1Þym�2ðy � 1Þ < 0.
Thus

mðt þ 71:4Þ � 2mtð2 � �Þ þ 2tðm� 1Þð2 � �Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2 � �Þ=mm�1

p
¼ mðt þ 71:4Þð1 � 2xðmym�1 � ðm� 1ÞymÞÞ

� mðt þ 71:4Þ � f1ðyÞ

�
mðt þ 71:4Þ � f1ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð13 þ mÞ=ð20mÞm�1

p
Þ if 8 	 m 	 10,

mðt þ 71:4Þ � f1ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1:5 þ mÞ=ð10mÞm�1

p
Þ if 11 	 m 	 14

8<
:

> 0:

To prove the second inequality in Lemma 4, it is equivalent to
prove ð3 � �Þðaþ 1Þ þ 71:4að1 � �Þð2t � 73Þ=ð73ðt þ 71:4ÞÞ � 71:4tðt þ 73 � t�Þ=
ð73ðt þ 71:4ÞÞ < 0.

Case 1. t � 328:5. Since 71:4ð2t � 73Þ=ð73ðt þ 71:4ÞÞ < 1:96 and ðt þ 73 � t�Þ=
73 � 5:5 � 4:5� ¼ 4:5mym�1 � 3:5, it suffices to prove ð3 � �Þðaþ 1Þ þ 1:96að1 � �Þ
�71:4tð4:5mym�1 � 3:5Þ=ðt þ 71:4Þ < 0; i.e.,

f ðx; yÞ ¼ að2:96mym�1 � 0:96Þ þ mym�1 þ 1 � 71:4xð4:5mym�1 � 3:5Þ < 0;

where 0:82 	 328:5=ð328:5 þ 71:4Þ 	 x 	 1 and

a ¼ mþ m
1 � 2xðmym�1 � ðm� 1ÞymÞ :

Recall that 1 � 2xðmym�1 � ðm� 1ÞymÞ � f1ðyÞ > 0. Thus f ðx; yÞ is continuous for
all x and y. Since f 00xxðx; yÞ > 0, we have maxff ðx; yÞg ¼ maxff ð1; yÞ; f ð0:82; yÞg
for every fixed y. Thus to find maxff ðx; yÞg, we can assume x to be 1 or 0.82 in the
rest of the case.

Now f 0yðx; yÞ ¼ mðm� 1Þym�2 � hðx; yÞ, where

hðx; yÞ ¼ 2:96aþ 1 þ 2mxð2:96mym�1 � 0:96Þð1 � yÞ
ð1 � 2xmym�1 þ 2xðm� 1ÞymÞ2

� 321:3x:

Since m� 1 � my, it can be checked that h0yðx; yÞ > 0. Thus
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hðx; yÞ 	
hðx;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð13 þ mÞ=ð20mÞm�1

p
Þ if 8 	 m 	 10,

hðx;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1:5 þ mÞ=ð10mÞm�1

p
Þ if 11 	 m 	 14.

(

< 0

Therefore f 0yðx; yÞ < 0 and maxff ðx; yÞg ¼ maxff ðx;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð12 þ iÞ=ð20iÞi�1

p
Þ;

f ðx;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð0:5 þ jÞ=ð10jÞj�1

p
Þ : x ¼ 1 or 0:82; 8 	 i 	 10; 11 	 j 	 14g ¼

f ð1;
ffiffiffiffiffiffiffiffi
1=87

p
Þ < 0:

Case 2. 226:3 	 t < 328:5. Since 71:4ð2t � 73Þ=ð73ðt þ 71:4ÞÞ < 1:43 and
ðt þ 73 � t�Þ=73 � 4:1 � 3:1� ¼ 3:1mym�1 � 2:1, it suffices to prove ð3 � �Þ
ðaþ 1Þ þ 1:43að1 � �Þ � 71:4tð3:1mym�1 � 2:1Þ=ðt þ 71:4Þ < 0; i.e.,

að2:43mym�1 � 0:43Þ þ mym�1 þ 1 � 71:4xð3:1mym�1 � 2:1Þ < 0;

where 0:76 	 x 	 328:5=ð328:5 þ 71:4Þ 	 0:83. This can be proved by a similar
argument to that in Case 1 above. Therefore Lemma 4 holds. (

Now we are ready to prove our main theorem. As in [7], our proof in Theo-
rem 2 below follows the basic ideas of the argument in [4]. However unlike the
proof in [7], our major improvement results from the following two changes: (i)
Theorem 1 is employed to replace Lemma 1. (ii) All key parameters, such as m; a
and b, are by definition dependent on the value of �1; at the same time, they are
kept as balanced as possible to optimize the upper bound for g. In addition to
these, we also make many other changes that result in some minor improvements.
To make the paper self-contained, we include a detailed proof.

Theorem 2. Suppose G is a digraph of order n with dþðGÞ � r. Then

g 	 n
r
þ 73:

Proof. Suppose G is a counterexample with the minimum number of vertices.
Then G is strongly connected. For convenience, we write t ¼ n=r. By Theorem 1, it
may be supposed that t � 226:3. We can also suppose r � 6 by the result in [6].

Claim 1. jN1ðX ÞnX j > r � jX j � r=n for any proper subset X � V . Otherwise sup-
pose jN1ðX ÞnX j 	 r � jX j � r=n. Let G1 be the subdigraph of G induced by X . Then
dþðG1Þ � r � jN1ðX ÞnX j � jX j � r=n. By the choice of G, we know that G1 is not a
counterexample for Theorem 2. Thus g 	 gðG1Þ 	 jX j=dþðG1Þ þ 73 	 n=r þ 73, a
contradiction to the choice of G.

Claim 2. There exists some vertex x such that

jNbðtþ73Þ=2cðxÞj 	 ðnþ 1Þ=2 if ðt þ 73Þ=2 � bðt þ 73Þ=2c 	 0:5,

jNbðtþ72Þ=2cðxÞj 	 ð2n� r þ 1Þ=4 if ðt þ 73Þ=2 � bðt þ 73Þ=2c > 0:5.

�

Otherwise suppose Claim 2 fails; i.e., for any vertex x,
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jNbðtþ73Þ=2cðxÞj � ðnþ 2Þ=2 if ðt þ 73Þ=2 � bðt þ 73Þ=2c 	 0:5,

jNbðtþ72Þ=2cðxÞj � ð2n� r þ 2Þ=4 if ðt þ 73Þ=2 � bðt þ 73Þ=2c > 0:5.

(

Then an averaging argument shows the existence of a vertex x such that

jN 0
bðtþ73Þ=2cðxÞj � ðnþ 2Þ=2 if ðt þ 73Þ=2 � bðt þ 73Þ=2c 	 0:5,

jN 0
bðtþ72Þ=2cðxÞj � ð2n� r þ 2Þ=4 if ðt þ 73Þ=2 � bðt þ 73Þ=2c > 0:5.

(

If ðt þ 73Þ=2 � bðt þ 73Þ=2c 	 0:5, then there exists a vertex y other than x such
that y 2 Nbðtþ73Þ=2cðxÞ \ N 0

bðtþ73Þ=2cðxÞ. Thus a shortest path from x to y and a
shortest path from y to x combine into a closed walk of length at most t þ 73, a
contradiction to the choice of G. Now suppose ðt þ 73Þ=2 � bðt þ 73Þ=2c > 0:5. It
may be supposed that Nbðtþ72Þ=2cðxÞ is a proper subset of V ; otherwise
g 	 bðt þ 72Þ=2c þ 1 	 t þ 73. By Claim 1, jNbðtþ74Þ=2cðxÞj ¼ jNbðtþ72Þ=2cðxÞj þ
jN1ðNbðtþ72Þ=2cðxÞÞnNbðtþ72Þ=2cðxÞj � r þ jNbðtþ72Þ=2cðxÞj � ðn� rÞ=n > ð2nþ r þ 2Þ=4.
Thus there exists a vertex z other than x such that z 2 Nbðtþ74Þ=2cðxÞ \ N 0

bðtþ72Þ=2cðxÞ,
from which Claim 2 follows similarly as above.

We define c by

bðt þ 73Þ=2cðr � cÞ ¼ ðnþ 1Þ=2 if ðt þ 73Þ=2 � bðt þ 73Þ=2c 	 0:5,

bðt þ 72Þ=2cðr � cÞ ¼ ð2n� r þ 1Þ=4 if ðt þ 73Þ=2 � bðt þ 73Þ=2c > 0:5:

(

Thus

73=ðt þ 73Þ > c=r � 71:4=ðt þ 71:4Þ: ð1Þ

By Claim 2, there exists a smallest positive integer d with the following
property:

jNdðsÞj 	 dðr � cÞ for some vertex s: ð2Þ

Indeed, we have d 	 bðt þ 73Þ=2c and jNdðsÞj 	 ðnþ 1Þ=2.

Claim 3. With s as in (2), there are at most ðiþ 1Þðr � cÞ vertices y with
d � i 	 distðs; yÞ 	 d for all non-negative integers i 	 d � 1. By the minimality of d,
we have jNd�i�1ðsÞj > ðd � i� 1Þðr � cÞ. Thus Claim 3 follows from (2).

Let U :¼ fw : distðs;wÞ ¼ dg and jU j ¼ �1ðr � cÞ. Then �1 	 1 by Claim 3. On
the other hand, since jNd�1ðsÞj 	 jNdðsÞj � 1 	 ðn� 1Þ=2 and U ¼ NdðsÞnNd�1ðsÞ,
by Claim 1 we have jU j > r � jNd�1ðsÞj � r=n � 0:5r; i.e., �1 � 0:5. Recall that
t � 226:3. By Lemma 4, there exists an integer m ¼ mð�1Þ � 8 such that

mðt þ 71:4Þ � 2mtð2 � �1Þ þ 2tðm� 1Þð2 � �1Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2 � �1Þ=mm�1

p
> 0 ð3Þ

and
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73ð3 � �1Þðaþ 1Þðt þ 71:4Þ
71:4aðt þ 73 � t�1Þ

� 73ð3 � �1Þ
t þ 73 � t�1

<
t
a
� 2; ð4Þ

where

a ¼ mþ m2ðt þ 71:4Þ
mðt þ 71:4Þ � 2mtð2 � �1Þ þ 2tðm� 1Þð2 � �1Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2 � �1Þ=mm�1

p > 0: ð5Þ

Let

b ¼ 1

ð2 � �1Þð1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2 � �1Þ=mm�1

p
Þ
: ð6Þ

Then b > 0 and 2 � �1 � 1=b > 0. We now divide the proof into the following two
cases:

Case 1. For every vertex v with distðs; vÞ ¼ d � 1, these is a vertex w with
distðv;wÞ < t=a� 1 and distðs;wÞ 	 d � 3. In this case, we consider the following
two subsets of G:

Q :¼ fv : distðs; vÞ ¼ d � 1g;

P :¼ fu : distðs; uÞ ¼ d � 2 and there are at least ðr � cÞ=b arcs uv with v 2 Qg:

Let jQj ¼ �2ðr � cÞ. By Claim 3, �2 	 2 � �1 and jP j 	 ð3 � �1 � �2Þðr � cÞ.

Claim 4. There are a subset R of P and a subset S of Q such that
jRj 	 ð2 � �1 � 1=bÞðr � cÞ=m; jSj 	 m and such that for every u 2 PnR there is an
arc uv with some v 2 S. To justify the claim, we may assume jQj > m; for otherwise
we could set R ¼ ; and S ¼ Q; we may also assume P 6¼ ;; or else we could set
R ¼ S ¼ ;. Thus �2 � 1=b by the definition of P .

Now we shall inductively construct a sequence R0;R1; . . . ;Rm of subsets of P
and a sequence S0; S1; . . . ; Sm of subsets of Q such that jRij 	 ð3 � �1 � �2Þ
ðr � cÞð1 � 1=ðb�2ÞÞi; jSij ¼ i and such that Ri consists of those vertices u in P for
which there are no arcs uv with v 2 Si. To initialize, we may set R0 ¼ P and S0 ¼ ;.
When Ri and Si have been constructed, the number of arcs uv with u 2 Ri and
v 2 QnSi is at least jRij � ðr � cÞ=b. Hence there is a vertex v� 2 QnSi such that,
writing

R� ¼ fu 2 Ri : uv� 2 Eg;

we have jR�j � jRij � ðr � cÞ=ðb � jQnSijÞ � jRij=ðb�2Þ. By setting Riþ1 ¼ RinR� and
Siþ1 ¼ Si [ fv�g, we have jRiþ1j ¼ jRij � jR�j 	 jRij � ð1 � 1=ðb�2ÞÞ and jSiþ1j ¼
jSij þ 1. Thus, by induction, jRmj 	 ð3 � �1 � �2Þðr � cÞð1 � 1=ðb�2ÞÞm and
jSmj ¼ m, where 1=b 	 �2 	 2 � �1.

On the Caccetta–Häggkvist Conjecture 651



Let f ðxÞ ¼ ð3 � �1 � xÞð1 � 1=ðbxÞÞm, where 1=b 	 x 	 2 � �1 	 1:5. Then

f 0ðxÞ ¼ ð1 � 1=ðbxÞÞm�1ðmð3 � �1 � xÞ þ x� bx2Þ=ðbx2Þ

� ð1 � 1=ðbxÞÞm�1 mþ x 1 � 1

1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2 � �1Þ=mm�1

p
 ! !

=ðbx2Þ

� ð1 � 1=ðbxÞÞm�1 m� ð2 � �1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2 � �1Þ=mm�1

p
1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2 � �1Þ=mm�1

p
 !

=ðbx2Þ

� ð1 � 1=ðbxÞÞm�1 m� 1:5

ffiffiffiffiffiffiffiffiffiffiffiffi
1:5=mm�1

p
1 �

ffiffiffiffiffiffiffiffiffiffiffiffi
1:5=mm�1

p
 !

=ðbx2Þ:

Recall that m � 8. It is easy to prove that mm > 1:5ðmþ 1:5Þm�1, which implies
f 0ðxÞ � 0. Therefore jRmj 	 ðr � cÞ � f ð�2Þ 	 ðr � cÞ � f ð2 � �1Þ ¼ð2 � �1 � 1=bÞ
ðr � cÞ=m. By setting R ¼ Rm and S ¼ Sm, Claim 4 follows.

Next we shall construct a digraph H by adding certain new arcs to the
subdigraph of G induced by Nd�2ðsÞnR. These new arcs uz are added for each
vertex u in PnR; their other endpoints run through all the vertices z in H for which
there is an arc uv with v 2 S and distðv; zÞ < t=a. Recall that jNdðsÞj 	 ðnþ 1Þ=2.
Thus H contains fewer than n=2 vertices.

Claim 5. dþðHÞ � r � ðr � cÞ=b� jRj. To see this, let u be any vertex in H . If
distðs; uÞ 	 d � 3, then degþH ðuÞ � r � jRj. If distðs; uÞ ¼ d � 2 and u =2 P , then there
are at most ðr � cÞ=b arcs from u to Q by the definition of P. Thus
degþH ðuÞ � r � ðr � cÞ=b� jRj.

Finally suppose u 2 PnR. Then there is an arc uv with v 2 S by Claim 4; there is
a vertex w with distðv;wÞ < t=a� 1 and distðs;wÞ 	 d � 3; there are at least r
vertices z with wz 2 E. At most jRj of these vertices z are in R, and the remaining
ones are in H . Thus, by the construction of H , we have degþH ðuÞ � r � jRj.
Therefore Claim 5 follows.

By the choice of G, Theorem 2 holds for H ; i.e., H contains a directed cycle C
of length at most jH j=dþðHÞ þ 73.

Claim 6. g 	 jH j=dþðHÞ þ tm=aþ 73. To see this, it may be supposed that
some positive number l of new arcs uz (those contained in H but not in G) are
included in C.

Since each of these new arcs uz in H can be replaced by an appropriate directed
path of length at most t=aþ 1 in G and passing through S, we can convert C into a
closed directed walk C� of length at most jH j=dþðHÞ þ lt=aþ 73 in G. Since C�

passes through S at least l times and since jSj 	 m (Claim 4), some vertex in S
occurs on C� at least dl=me times. Thus C� breaks down into at least dl=me
directed cycles in G; i.e.,

g 	 jH j=dþðHÞ þ tl=aþ 73

dl=me 	 jH j=dþðHÞ þ tm=aþ 73:
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By (1), r � c 	 tr=ðt þ 71:4Þ. Recall that t ¼ n=r. Thus by (3), (5), (6) and
Claims 4, 5, 6,

g 	 n=2
r � ðr � cÞ=b� ð2 � �1 � 1=bÞðr � cÞ=mþ tm

a
þ 73

	 nðt þ 71:4Þ=2
rðt þ 71:4Þ � tr=b� trð2 � �1 � 1=bÞ=mþ tm

a
þ 73

¼ tmðt þ 71:4Þ
2mðt þ 71:4Þ � 2tm=b� 2tð2 � �1 � 1=bÞ þ

tm
a
þ 73

¼ t þ 73:

Case 2. There is a vertex v with distðs; vÞ ¼ d � 1 such that no vertex w has
distðv;wÞ < t=a� 1 and distðs;wÞ � d � 3. In this case, let

Ti :¼ fy 2 NiðvÞ : d � 2 	 distðs; yÞ 	 d � 1g:

By Claim 3, jTij 	 3ðr � cÞ � jU j ¼ ð3 � �1Þðr � cÞ for all i. Thus, for all suffi-
ciently large i.

jTij <
aciðt þ 73 � t�1Þ

73ðaþ 1Þ : ð7Þ

Let j � 0 be the largest i such that (7) fails.

Claim 7. j < t=a� 2. To see this, we have

acjðt þ 73 � t�1Þ
73ðaþ 1Þ 	 jTjj 	 ð3 � �1Þðr � cÞ:

By (1) and (4),

j 	 73rð3 � �1Þðaþ 1Þ
acðt þ 73 � t�1Þ

� 73ð3 � �1Þ
t þ 73 � t�1

	 73ð3 � �1Þðaþ 1Þðt þ 71:4Þ
71:4aðt þ 73 � t�1Þ

� 73ð3 � �1Þ
t þ 73 � t�1

<
t
a
� 2:

Let F be the subdigraph of G induced by Tj. By Claim 7 and the assumption of
this case, each arc yw with y 2 Tj has distðs;wÞ � d � 2, and so either w 2 Tjþ1 or
distðs;wÞ ¼ d. By the maximality of j, we have jTjþ1nTjj 	 acðt þ 73 � t�1Þ=
ð73ðaþ 1ÞÞ. Thus dþðF Þ � r � jU j � jTjþ1nTjj � r � �1ðr � cÞ � acðt þ 73 � t�1Þ=
ð73ðaþ 1ÞÞ � cðt þ 73 � t�1Þ=ð73ðaþ 1ÞÞ, where the last inequality follows from
(1). Since F is not a counterexample to Theorem 2,
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g 	 gðF Þ 	 jTjj=dþðF Þ þ 73 	 jTjþ1j=dþðF Þ þ 73

	 acðt þ 73 � t�1Þðjþ 1Þ=ð73ðaþ 1ÞdþðF ÞÞ þ 73

	 aðjþ 1Þ þ 73 < t þ 73;

where the last inequality follows from Claim 7. This completes the proof of
Theorem 2. (
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