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Article history: The diameter of a graph is an important factor for communication as it determines the
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and Harary [N. Graham, F. Harary, Changing and unchanging the diameter of a hypercube,
Accepted 3 March 2008 vl ry ging ging yp

Discrete Applied Mathematics 37/38 (1992) 265-274] studied how the diameter of hyper-
cubes can be affected by increasing and decreasing edges. They concerned whether the
diameter is changed or remains unchanged when the edges are increased or decreased.
In this paper, we modify three measures proposed in Graham and Harary (1992) to include

1];2/ rvr\izzgi the extent of the change of the diameter. Let D™¥(G) is the least number of edges whose
Cycles addition to G decreases the diameter by (at least) k, D*°(G) is the maximum number of
Tori edges whose deletion from G does not change the diameter, and D*™(G) is the least number
Hypercubes of edges whose deletion from G increases the diameter by (at least) k. In this paper, we find
Communication delay the values of D™*(C;n), D™ (Trun)s D2 (Timn), D™ (Trn), and a lower bound for D™(T,,,,) where
Cartesian product Cm be a cycle with m vertices, T, be a torus of size m by n.

© 2008 Elsevier Inc. All rights reserved.

1. Introduction
1.1. Basis

Let G = (V,E) be a graph. V(G) is the vertex set of G and E(G) C V(G) x V(G) is the edge set of G. Let u and v be two different
vertices in a graph G. We say that u and v are adjacent if (u,v) € E(G). A path from u to v, delimited by (u = xq,x,
X2,...,X = V), is a sequence of distinct vertices such that x; and x;,; are adjacent for 0 < i < k — 1. The length of a path is
the number of edges in it. The distance between u and v in G, denoted as d¢(u, v), is the length of a shortest path joining them.
The diameter of a graph G, denoted as D(G), is the maximum distance between any two vertices.

An interconnection network connects the processors of a parallel and distributed system. The topology of an interconnec-
tion network for a parallel and distributed system can always be represented by a graph, where each vertex represents a
processor and each edge represents a vertex-to-vertex communication link. Communication is a critical issue in the design
of a parallel and distributed system. The diameter of a graph is an important factor for communication as it determines the
maximum communication delay between any pair of processors in a network. To expedite communication, the smaller
diameter is preferred. Besides, in order to increase the transmission rate and enhance the transmission reliability, it is also
important to construct vertex-disjoint paths between any two vertices in a network [8,9].
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1.2. Definitions and properties

In fact, the diameter of a graph can be affected by adding or deleting edges [1,4,5]. For example, let m-cycle C,, be a graph
with vertex set {0,1,2,...,m — 1} and edge set {(i,i + 1) | 0 < i < m — 1}, where addition is in integer modulo m. It is known
that D(C,,) = |m/2] [10]. Let P,, be a graph with vertex set {0,1,2,...,m — 1} and edge set {(i,i+ 1) |0 <i<m—2},itis
known that D(P,;) = m — 1 [10]. It is easy to check that deleting any edge renders C,, to a path of m vertices and then the
diameter increases to m — 1. On the other hand, a cycle C;, can be obtained by adding the edge (0, m) to path P,,. The diam-
eter decrease to |m/2].

Let k be an arbitrary positive integer. The diameter variability arising from change of edges of graph G is defined as
follows:

D7¥(G): the least number of edges whose addition to G decreases the diameter by (at least) k;
D*°(G): the maximum number of edges whose deletion from G does not change the diameter;
D**(G): the least number of edges whose deletion from G increases the diameter by (at least) k.

For example, D' (Py) = D *(Py,) = --- =D ™ "™2)(p )y =1 and D" (C;) = D**(Cpp) = - -- = D™ -1™2)(C,) = 1. The n-
dimensional hypercube, Q,, consists of all n-bit binary strings as its vertices. Two vertices are adjacent if they differ only in
one bit position. Graham and Harary [4] considered changing the diameter without considering the extent of the change, i.e.,
they considered D' (G) and D*'(G). They showed that D"'(Q,) =2, D"'(Q,) =n—1 and D*°(Q,) > (n — 3)2""" + 2. Bouab-

dallah et al. [1] improved the lower bound of D*°(Q,) and furthermore gave an upper bound, (n —2)2"" — (LnT/IZJ )+

2<D™(Qn) < (n—-2)2" " - [(2" - 1)/(2n - 1)] + 1.

The edge connectivity of a graph G, denoted by «/(G), is the least number of edges whose deletion disconnects G. Clearly,
D*(G) < x/(G) for all i. The diameter of a complete graph equals one. Given a graph G, for 1 <i < D(G) — 1, D™'(G) is no more
than the number of edges needed to be added to G to make G be a complete graph. Note that 0 < D™/(G) < D7(G) and
0 < D*(G) < D¥(G) if i < j. For convenience, we write D~ (G) and D*'(G) as D~ (G) and D* (G), respectively, throughout the paper.

In this paper, we study the change of diameter arising from the change of edges in cycles and tori. A cycle is the topolog-
ical structure of a ring network. It is one of the most common, simple and useful interconnection networks [10]. More prop-
erties, performances, and details about cycles can be found in [2,7,10]. A torus, denoted as T,,,, is a graph obtained by the
Cartestian product of cycles C;, and C,. It is a 2-dimension array with wraparound wires in the rows and columns. The num-
ber of edges of Ty, is 2mn and it is known that the diameter of Tp,, is [m/2| + [n/2] [7]. For more details on properties and
performances, such as throughput, latency, and path diversity, see [2].

2. Changing the diameter of cycles

Since deleting any edge renders C,, to a path P, of m vertices, the diameter increases to m — 1. It follows that
D(Cn)=0 and D™MCp)=1for1<k<m-—1-|m/2].

To find D™*(G), it suffices to consider adding edges to reduce the distance of all of farthest neighbors. Given a vertex v in
graph G, vertex u is called a farthest neighbor of v, denoted as V/, if dg(u,v) = D(G). Given a vertex i in C, with
0 < i< |m/2], farthest neighbor of i is i 4+ |m/2] if m is even; i+ [m/2] or i + |m/2]| if m is odd.

Lemma 1. D" (Cy) > 2.

Proof. Suppose D™ (C,;) = 1. We can assume without loss of generality that adding an edge e = (0,]) with 2 <1< |m/2]
reduces the diameter. Let v = |I/2] and v = v+ |[m/2]. Since the distance from v to v is reduced, the edge e must be used
in the shortest path from v to v. It follows that

de (V7 \7) = mil’l{dcm (V, 0) +1+ d(jm (17 \7), de (V7 l) +1+ de (07 \7)}
=min{[l/2] + 1+ ([I/2] + |m/2] = D), (1= [I/2]) + 1+ (m = [I[/2] — [m/2])} > |m/2],

which is a contradiction. Therefore D™ (Cy,) > 2. O

Now, we consider the case of adding two edges to cycle C,,. Let D*(C,;) denote the minimum diameter among those graphs
obtained by adding two edges to C,.
Lemma 2. Let m > 5. Then, D" (Co) — { Im/4]+1 if m=0,1,2 mod 4,

Im/4| +2 if m=3 mod 4.

Proof. Assume that we are adding two intersecting edges e; = (0,l; + ;) and e; = (;,l; + I, + I3) to the cycle. Let G denote
the resulting graph. The four endpoints of these two edges divide the cycle into four paths Q;,Q,,Q3; and Q4 of length I;, 5,5
and I, respectively, where E,‘-‘lei = m. The four paths Q,Q,,Q; and Q4 are depicted in Fig. 1.
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Fig. 1. The two intersecting edges e; = (0,1; + ) and e, = (l1,l; + L +I5) divide the cycle into four paths Q;,Q,,Q3 and Q4 of length I;,,l5 and 4,
respectively, where Z,tlli =m.

The longest shortest paths among all pairs of vertices are contained in the following six cycles Y; for 1 < i < 6 given by

QiuQyuer, QuuUQsues, Q3UQquUen,
Q4UQ1 UeZa Q] UQ3U{61762}7 QZUQ4U{elze2}7

respectively. Then, D(G) = max;<i<s{|'%|}, where | Y; | denotes the number of edges in cycle Y;. It follows that D(G) can be
minimized when | ; — I |[< 1 forall 1 <i #j < 4. To be specific, when m = 2 mod 4, it follows that two longer paths of length
[m/4] are adjacent, e.g., l; =1, = [m/4]| (or [m/4]) and I, = I3 = [m/4] (or [m/4]) so that the longest cycle among Y; has a
length of |m/2] + 2. Therefore, for m = 2 mod 4, D*(C,;,) = [m/4] + 1 which can be achieved by adding edges (0, [m/2|) and
(lm/4],[3m/4]) into C,. When m=0,1,3 mod 4, we can arbitrarily assign |m/4] and [m/4] to l;, say (0,|m/2]) and
(lm/4],|3m/4]). Thus,

im/4] +1 if m=0,1,2 mod 4,

D (Cm) = { |m/4] +2 if m=3 mod 4.

Suppose that we can also reduce the diameter to [m/4] + 1 or [m/4] + 2, depending on m, by adding two non-intersect-
ing edges. These two non-intersecting edges partition C,, into four paths of length hy,hy, hs, and hs, where Y% h; = m.
That is, the two non-intersecting edges are given by (0,h;) and (h; + h, h; + hy + h3). We can assume without loss of
generality that where 2 < h; < hs and 0 < hy < hy. Let v = |hy/2], v = hy + hy + |h3/2] and v = hy + hy + hs + |hsa/2]. It
follows that

dc, (V1,v2) = [h1/2] + hy + |h3/2],dc,, (v1,v3) = |h1/2] + [ha/2],dc,, (V2,V3) = [h3/2] + |ha/2]

and moreover, dc,, (v1,V2) + dc, (V1,V3) + dc, (V2,v3) = m. Therefore, max{dc, (v1,Vv2), dc, (V1,V3),dc, (v2,v3)} = [m/3], which
is a contradiction. Hence, the lemma follows. O

Based on the above proof, the two edges e; and e, added to C,, achieving D*(Cy,) are given by

e; = (0,|m/2]) and e, = (|m/4],[3m/4]) for m =2 mod 4,

e; =(0,|m/2]) and e, = (|m/4],|3m/4]) form=0,1,3 mod 4. @

By Lemmas 1 and 2 we have the following theorem.
Theorem 1. D ¥(C,) =2 forall m > 8 and 1 < k < [m/2| — D*(Cpy).

When m = 7, adding two edges to C,, does not decrease the diameter, hence, D™ (C;) > 3. In fact, it is easy to show that
D (C;) = 3. It can be verified that D*(Cg) = 2 and then D™ (Cs) = 2. To find D™ (C,,) for m < 5 and D %(C,,) for m = 6,7, we
need to add edges for C,, to become a complete graph.

One may ask whether the diameter can be further reduced by adding few more edges. However, we cannot reduce the
diameter by using similar idea as in the proof of Lemma 2 to add three or four intersecting edges which equi-partition a cycle
into six or eight paths, i.e., the length of these paths differing at most one.

Nonetheless, we can further reduce the diameter of C,, to approximately |m/5|, [m/6| and |m/8] by adding five edges, six
edges and twelve edges, that equi-partition the cycle into five paths, six paths and eight paths. Let the resultant graphs be
called Cpn.5, Cin6, and Cps. To be specific, let r = 5,6, 8. For m = 2 mod r we particularly put two longer paths of length [m/r]
to be adjacent. It follows that
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Im/r]+1 m=0,1,2 mod r,
D(Cm:r) = _
Im/r]+2 m=3,4,....,r—1 mod r
for r = 5,6,8. And yet it is unknown whether these constructions are optimal.

3. Changing the diameter of tori

Let G; = (V41,E;) and G, = (V,, E;) be two graphs. The Cartesian product G = (V,E) of G; and G,, denoted by G = G; x G, is
given by V =V, x V3, and E = {(uju,v1v2) | U3 = v1 and (u,,vy) € E>,or u; = v, and (uq,vq) € E1}. Let Ty, be a 2-dimen-
sional torus of size m by n which can be treated as the cartesian product of C,;, and C,, i.e., C;;, x C;,. We assume without loss
of generality that m > n > 3 throughout this section. Each vertex v in Ty, is represented by v = (vy,v,) where 0 < v; <
m—1and 0 < v, <n-—1. We also use v(1) and v(2) to denote the first and the second coordinates of v, respectively, i.e.,
v(1) = v; and v(2) = v,. For ease of exposition in this section, each edge of T,,, or path are delimited by ( and ). We assume
m > n throughout this section.

Let V/(v) denote the set of the farthest neighbors of v, then

V() = {(v(1) + [m/2],v(2) + [n/2)), (v(1) + [m/2],v(2) + [n/2]),
(v(1) + [m/2],v(2) + [n/2]), (v(1) + [m/2],v(2) + [n/2])}.
Let P(i,C,) and P(Cp,j) denote paths in Ty, defined as follows:
P(i,Cp) = ((i,0), (i, 1),...,(i,n — 1)),
P(Cr,j) = ((0.)), (1.J),-.., (m = 1,j)).
We use C(i,C,) and C(Cp,j) to denote cycles given as follows:

C(i,Ca) = ((1,0), (i, 1),..., (i,n — 1),(i,0)),
C(Cn.J) = ((0,3), (1.3), -, (M = 1,j), (0,])).

Note that C(i, C,) and C(Cy,,j) are cycles of length n and m, respectively. Let u and v be two distinct vertices in T, ,. We use
dc, (u,v) to denote the distance from u; to v; in a cycle C(Cy,,j) with or without some additional edges as specified from the
context without ambiguity. Similarly, we denote d, (u,v).

3.1. Finding D™(Tp.)

To find D™ (T p), we first find a lower bound for it.
Lemma 3. D™ (Tpmp) > 2.

Proof. We show that the diameter of T,,,, can not be reduced by adding one edge. It suffices to show the case of m,n even.
Suppose that the diameter is reduced by adding an edge e. We can assume without loss of generality that e = ((0,0), (y;,¥5)).
We consider three possibilities of the edge e. First, let y, = 0. Let v = (|y,/2],0) and v/ be a farthest neighbor of v. Then
dr,,,(v,v') = dc, (v(1),¥ (1)) +n/2. 1t follows from Lemma 1 that dc,(v(1),v/(1)) is unchanged, i.e., dc, (v(1),V/(1)) = m/2.
Therefore, dy,,, (v,Vf) = |n/2| + |m/2], which is a contradiction. Consequently, e can not have y, = 0. Similarly, we can prove
that e cannot have y, = 0.

Finally, let y; # 0 and y, # 0. Furthermore, we can assume without loss of generality that0 <y, < m/2and 0 <y, < n/2.
For vertices v satisfying v(1) > m/2 and v(2) < n/2, then e is not in any shortest path from v to v/, i.e., dr, , (v, V) = |n/2]+
|m/2], which is a contradiction. Thus, the lemma follows. O

Theorem 2. D™ (Ty,,,) = 2 form > 12.

Proof. Let G be the graph obtained by adding the following two edges to Ty, :
er = ((0,[n/2]), (Im/2],[n/2])),
B { ( (lm/4],|n/2]), ([3m/4],|n/2])) for m=2 mod 4,

27\ (m/4],n/2)), (13m/4],|n/2])) form=0,1,3 mod 4. @)

Note that e; and e, are obtained from projecting the two edges specified in (1) to C(Cy, [11/2]). Let v be a vertex of G and v/
be a farthest neighbor of v. It suffices to show that in G we have dr,,,(v,¥) < [n/2] + |m/2] — 1 for all vertices v.

Note that the shortest paths from v to any v/ takes at most [11/2] steps to change v(2) to v/ (2). We construct a path from v
to v/ via e; or e, depending on dc,, (v(1),v (1)). It follows that

dr,,, (v,V) < de, (v(1),V (1)) + [n/2]. 3)

It follows from Lemma 2 that dc, (v(1),¥ (1)) < |[m/2] — 2 when m > 12. Thus dr,, (v,¥) < |m/2| + |n/2] — 1, and the
theorem follows. O

It follows from (3) that D™ (T, ,) = 2 also holds for m = 10 and n odd and for m = 9,11 and n even.
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Adding the two edges specified in (2) to T, we have dc, (v(1),V/(1)) < |[m/2] — 3 for all vertices v when m > 14 and
m # 15. Therefore, following from (3), adding these two edges can reduce the diameter by two for m > 14 and m # 15. Thus
we have the following theorem.

Theorem 3. D %(T,,,) = 2 for m > 14 and m # 15.

For m,n even and m > 4, we can reduce the diameter by one by adding two edges, ((m/2 —1,n/2 - 1), (m/2,n/2)) and
((m/2 —1,n/2), (m/2,n/2 — 1)), as shown in Fig. 2.

Note that the subgraph in T}, induced by the vertex set {(v(1) +i,v(2)+j)| 0<i<m/2,0 <j< n/2}is a mesh of size
m/2 +1byn/2 + 1. The diameter of a mesh of size m/2 + 1 byn/2 + 1ism/2 + n/2. For any vertex vin T, ,, v and its farthest
neighbor v are contained in a induced mesh of size m/2 +1 by n/2 + 1. Besides, any induced mesh of size m/2 + 1 by
n/2 +1in Ty, contains the vertices (m/2 — 1,n/2 — 1), (m/2,n/2), (m/2 — 1,n/2),and (m/2,n/2 — 1)}, thus the distance be-
tween v and v/ is reduced by one when we add the edges ((m/2—1,n/2 —1), (m/2,n/2)) and {((m/2 —1,n/2),
(m/2,n/2 — 1)) to Tpp.

3.2. Finding D™°(T )

By the definition of D**(T},,,), we construct a spanning subgraph S, , of T,,, with diameter [m/2] + |n/2| instead of delet-
ing edges from T, ,. We first construct a spanning tree I'y,, of T, , and then add pertinent edges to I'n, to generate Sy, ,. The
construction is described as follows:

1. Start with a spanning tree of Tp,, given by I'm, = U}’:‘(}P(Cm,j) UP(lm/2],Cy), as shown in Fig. 3(a), which has a diameter
m+n—2 for m odd, and m +n — 1 for m even.

2. Add the edge ((|m/2],0),(|m/2],n— 1)) to P(|m/2],C,) to form a cycle C(|m/2],C,), since otherwise the distance from
(0,n—1) to ([m/2],0)is (m/2] +n—1> |m/2| + [n/2].

3. Add an edge ((0,j),(0,j+1)) for all 0<j<n-2, since otherwise the distance from (0,j) to (0,j+1) is
2\m/2]+ 1> |m/2] + [n/2]. Thus, the path P(0,C,) is added.

4. Add an edge ((0,j), (m — 1,j)) to P(Cp,j) to form a cycle C(Cp,j) for all 2 <j < n -1, since otherwise the distance from
(0,j—2) to (m—1,j) is m+1>|m/2|+ [n/2]. Since the distance from (0,j+2) to (m-1,j) for j=0,1 is
m+1>|m/2|+ |[n/2], we add two edges ((0,0),(m — 1,0)) and ((0,1),(m —1,1)). That is, C(Cp,j) forall 0 <j<n—1
are formed.

Fig. 3. (a) I'mn, (b) Spmx for m even, and (c) Sy, for m odd.
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5. When m is odd, we add the edge ((0,0), (0,n — 1)) to P(0, C,) to form C(0, Cy), since otherwise the distance from (i, 0) to
(i—|m/2]—1,[n/2)+1)fori = |m/2]+1is |m/2|+ [n/2] +1.

In summary, the spanning subgraph S, , is given by

S U g €(Crj) UC(Im/2),C) UC(0,Cy)  for m odd,
" U €(Cnaj) UC(IM/2),Ca) UP(0,C,)  for m even,

as shown in Fig. 3b and c. It is observed that the number of edges in S, is mn 4 2n — 1 for m even, and mn + 2n for m odd.

Lemma 4. D(Sp,) = |m/2] + |n/2).

Proof. First consider m even. Let x = (x;,x>) and y = (y,,Y,) be two distinct vertices. We distinguish the following cases of x
and y.

Case (1): xq1,y; <m/2.
We can assume without loss of generality that x, <y, after relabeling of the second coordinate. Then,
ds,,(%,y) =min{x; +y; + ¥, — X2, m— (X1 +¥;) +dc,(X2,¥,)}, where dc,(x2,¥,) < |[n/2] since the cycle
C(m/2,C,) can be traversed.
If X; +y, > m/2, then ds,,(x,y) =m — (x1 +y;) +dc,(X2,¥,) < [m/2] + [n/2].
Ifx1 +y; <m/2 and X1 +y;+ ¥, — X2 < |[m/2]| + [n/2], then ds,,, (X,y) < [m/2] + |n/2].
Ifx1+y;, <m/2 and Xy +y; +y, — X2 > |m/2| + [n/2], then y, — x; > |n/2], i.e, dc,(X2,¥,) = n — (¥, — X2). It fol-
lows that ds,,(x,y) = m — (X1 + y1)+ dc,(X2,y,) <m+n— |m/2]+ [n/2| =m/2+ [n/2], ie, ds,,(x,y) < [m/2]+
[n/2].

Case (2): x;, <m/2 and y; > m/2.
We can assume without loss of generality that y, > x,. Then, ds,,(x,y) = min{dc, (X1,¥1) + ¥, — X2, ¥; — X1+
d, (x2.,)}, where dc, (x1,y;) < m/2 and dc, (x2.¥,) < [n/2].
Ify, —x; < |n/2], then ds,, (x,y) = dc,, (X1,Y1)+ ¥> — X2 < [m/2] + [n/2].
Ify, —x; > |n/2] and y, —x; < m/2, then ds,, ,(x,¥) = ¥, — X1 +dc,(X2,y,) < |m/2]+ |[n/2].
Ify,—x;>|n/2],y;—x1>m/2 and y; —x; —m/2 =y, —x, — [n/2], then y; — X1 — (y, —x2) = m/2 — |n/2]. It
follows that

sy (X,Y) = de (X1,51) +Y, —=Xa =M = (Vy = X1) +Y, — X < [n/2] —m/2 + m = |m/2| + [n/2].

Ify, —x; > [n/2|,y; — % >m/2and y, —x; —m/2 <y, — X, — |n/2],theny, —x; — (y, — %) <m/2 — [n/2]. It fol-
lows that

ds,,(%,Y) = (1 —X1) +dc,(X2,¥2) =Y1 — X1 + N — (Y, —X2) <m/2 — |n/2] +n,

ie,ds,, (x,y) <|m/2] + |n/2].
Case (3): x; > m/2 and y, <m/2.
It can be similarly proved as Case (2).
Case (4): x1,y; = m/2.
We can assume without loss of generality that y, > x,. Then, ds,,,(x,y) = min{2m — (X; +¥;) +¥, — X2, X1 + Y1 —
m +dc, (X2,¥,)}, where dc, (x2,y,) < [n/2].

If x1 +y; <3m/2, then ds, ,(x,y) = X1 +y; —m+dc,(x2,y,) < |m/2| + [n/2].

If X1 +y; >3m/2,and y, — x, < [n/2], then ds,, , (x,y) = 2m — (X1 + Y1) + Y, — X2 < [m/2] + [n/2].

If X1 +y; >3m/2, y, —x > [n/2| and x; +y; —3m/2 >y, —x; — |[n/2], then x; +y; — (¥, —X2) = 3m/2 — [n/2]. It
follows that

ds,, (X, y) = 2m — (X1 + Y1) + ¥, — X2 <M/2+ [n/2] = [m/2] + [n/2].

If 1 +y; >3m/2,y, —x, > [n/2] and x; +y; —3m/2 <y, —x, — |[n/2], then x; +y; — (¥, — X2) <3m/2 — |n/2]. It follows
that

s, (X, ) = X1 +y1 =M 41— (Y, = X3) <3m/2 — [n/2] —m+n=m/2 + [n/2],
ie., ds,,(x,y) < |m/2] + [n/2].

Hence, D(Smn) < [m/2] + |n/2| when m is even. Similarly, we can show that D(S;,,) < [m/2] + |n/2]| for m odd, where
Smn contains one more edge ((0,0), (0,n — 1)) than it for m even. Thus the lemma follows. O

A lower bound for D*%(T,,,) is immediately obtained.

0 mn-2n+1 if mis even,
Lemma 5. D™ (Trnn) > {mn —2n if m is odd.
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Let D*(ST;yn) = min{D(T) | T is any spanning tree of Ty, }.

* m+n—1 if mand n are even,
Lemma 6. D" (STmn) = { m-+n—2 otherwise.

Proof. We construct a spanning tree other than I';;,, as follows:
m-1
I = J P(i,Ca) UP(Cp, [1/2]).
i=0

The upper bound of D" (ST, ;) is provided by the spanning trees I'y,, for m odd and I';, , for m even.

To show the lower bound, we first consider m, n even. Suppose that the diameter of a spanning tree is less than or equal to
m +n — 2. Then all of the vertices are at distance m/2 +n/2 — 1 or less from its center which is a contradiction since the
eccentricity of each vertex in T, is m/2 +n/2. (The eccentricity of a vertex v in a graph G is defined as maxycy(gd(v, u).
A center of graph G is a vertex with smallest eccentricity.)

Second, consider that one of m and n is odd, say, m is odd. Suppose that the diameter of a spanning tree is less than or
equal to m + n — 3. Then all of the vertices are at distance |m/2] +n/2 — 1 = [m/2] +n/2 — 2 or less from its center which is
a contradiction since the eccentricity of Tr, is [m/2] + n/2. Similarly, we can show the case that n is odd.

Third, consider that both m and n are odd. Removing an edge from C;; and from C, yield a path of even length m — 1 and
n — 1, respectively. It follows that the center of any spanning tree has a radius at least (m — 1)/2 + (n — 1)/2. Therefore, the
minimum diameter of any spanning tree is at least two times of the radius, i.e.,, m+n — 2.

Hence, the lemma follows. O

Our constructed spanning trees I'n, and I',, can achieve the D*(ST,,,) for m odd and for m even, respectively. Note that
I'mn also achieves the D*(ST,, ;) when both m and n are even. Our construction of S, , starts with a spanning tree with diam-
eter D*(STm ) if m is odd. On the other hand, if m is even, we start with I';, , to construct a spanning subgraph similar to Sy, ,
as follows:

Spn = U C(i,Ch) UC(Cp, [n/2]) UP(Cm, 0),

i=0

which also has a diameter |m/2] + |n/2]. We note | E(S;,,,) [=mn+2m —1 >| E(Spy) |[=mn+2n— 1.
3.3. Finding D™ (Ty)

We have the following lemma.

2 when m and n are odd number,
Theorem 4. D" (T, ) = {4 when m and n are even number,

3 otherwise.
Proof. Each pair of farthest neighbors in T,,,, can be connected by two, three and four internally vertex-disjoint shortest
paths of length |m/2| + [n/2] for m,n odd, one of m,n odd, and m,n even, respectively. Thus we obtain a lower bound of
D" (Tpn)- On the other hand, when m,n are odd, deleting the edges ((0,0),(0,1)) and {((0,0), (1,0)) increases the distance
from (0,0) to (|m/2],|[n/2]) by 1. When one of m and n is odd, say m, deleting these three edges ((0,0),(1,0)),
{(0,0),(0,1)) and ((0,0), (0, (n — 1))) increases the distance from (0,0) to (|m/2],|n/2]) by 1. When m and n are even, we
can always find four internally vertex-disjoint shortest paths between (0, 0) to its farthest neighbors. Hence the lemma fol-
lows. O

4. Summary

In this paper, we have studied the diameter variability arising from the change of edges for cycles and tori. The relation
between the change of edges and diameters are listed in following table.

P (@ Qn Tm,n(m>n)

D*1(x) 1 1 n—11[4] 2 when m and n are odd number
4 when m and n are even number
3 otherwise

D7 1(x) 1 2whenm > 8 2 4] 2 when m > 12

D2(x) 1 2 when m > 8 Unknown 2 when m > 12 and m # 15
: g c Unknown Unknown

D~ (m/21=D"(Cm)) () 1 2 when m > 8 Unknown Unknown

‘ : Unknown Unknown Unknown

D-(m=1=1m/2]) () 1 Unknown Unknown Unknown
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In particular, we construct supergraphs of these given graphs such that the diameter is reduced by a constant k. Some
supergraphs presented in this paper are shown to be the smallest in terms of the number of edges.

In Section 3.2, we wonder whether S, is a smallest spanning subgraph having a diameter |[m/2| + [n/2]. And we con-
jecture that D™ (T,.) =| E(Tmn) | — | E(Sms) |- Calculating the number of edges whose removal increases the diameter may
help in finding the wide diameter of the underlying graph. We wonder whether we can apply similar proof techniques pre-
sented in this paper to find the wide diameter of graph products of two graphs. [3] and [6] are surveys of wide diameter and
related things.
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